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Abstract. Let fi be a bounded domain in R" with smooth boundary 951. We consider 

2 A n-k + 2 

the equation d Ait — u + u"-fc-2 = in f2, under zero Neumann boundary conditions, 

where Jl is open, smooth and bounded and d is a small positive parameter. We assume 

that there is a fc-dimensional closed, embedded minimal submanifold K of 9$!, which is 

Ph ' non-degenerate, and certain weighted average of sectional curvatures of dfl is positive 

■^r , along K. Then we prove the existence of a sequence d = d j — >■ and a positive solution 

_! ' Ud such that 

-)— » 

2 ' in the sense of measures, where Sk stands for the Dirac measure supported on K and S 

is a positive constant. 

Keywords: Critical Sobolev Exponent, Blowing-up Solutions, Nondegenerate minimal 
^►^ . submanifolds. 

\f-^ ' AMS subject classification: 35J20, 35J60. 

in 

*^ ! 1. Introduction and statement of main results 

t^ ■ 

f^ ■ Let be a bounded, smooth domain in M", v the outer unit normal to dQ and q > 1. 

The semihnear Neumann eUiptic problem 

(I'll 

(fAu-u + u'^ = in (7, — = on 5^ (1.1) 

ou 

^\ ' has been widely considered in the literature for more than 20 years. In 1988 Lin Ni and 

j^ . Takagi [27] initiated the study of this problem for small values of d, motivated by the 

shadow system of the Gierer-Meinhardt model of biological pattern formation [20]. In 

that context u roughly represents the (steady) concentration of an activating chemical of 

the process, which is thought to diffuse slowly in the region Q, leaving patterns of high 

concentration such as small spots or narrow stripes. 

When n = 2 or q < ^^^ the problem is subcritical, and a positive least energy solution 
Ud exists by a standard compactness argument. This solution corresponds to a minimizer 
for the the Raleigh quotient 



2 



Qd{u) = '''' ' ^^. (1.2) 

(^|n|'?+i)«+i 

In the papers [27, 39, 40] the authors described accurately the asymptotic behavior of 
Ud as d ^ 0. This function maximizes at exactly one point pd which lies on dU. The 

1 
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asymptotic location of the point pd gets further characterized as 

Hdnipd) -^ maxHQnip) 

where Hg^ denotes the mean curvature of 90. Moreover, the asymptotic shape of Ud is 
indeed highly concentrated around pd in the form 

Ud{x)^w[ I (1.3) 

where it'(|3;|) is the unique positive, radially symmetric solution to the problem 

Aw-w + w'' = in M'', lim w{x) = 0, (1.4) 

|x|-~>oo 

which decays exponentially. See also [13] for a short proof. 

Construction of single and multiple spike-layer patterns for this problem in the subcriti- 
cal case has been the object of many studies, see for instance [6, 7, 8, 10, 12, 13, 14, 21, 22, 
24, 25, 29, 50] and the surveys [36, 37]. In particular, in [50] it was found that whenever 
one has a non-degenerate critical point po of mean curvature Hg^^p), a solution with a 
profile of the form (1.3) can be found with Pd ^- Pa- 
li is natural to look for solutions to Problem (1.1) that exhibit concentration phenomena 
as d — 7- not just at points but on higher dimensional sets. 

Given a /c-dimensional submanifold T of dO, and assuming that either k > n — 2 or 
Q < n-k-2 ^ ^^^ question is whether there exists a solution Ud which near F looks like 

/dist(avr)A n ^N 

Ud{x)p^wl I (1.5) 

where now w(|y|) denotes the unique positive, radially symmetric solution to the problem 
Aw-w + wP = inM""'^', lim u;(|y|) = 0. 

\y\^oo 

In [31, 33, 34, 35], the authors have established the existence of a solution with the profile 
(1.5) when either F = dQ or T is an embedded closed minimal submanifold of 50, which is in 
addition non- degenerate in the sense that its Jacobi operator is non-singular (we recall the 
exact definitions in the next section) . This phenomenon is actually quite subtle compared 
with concentration at points: existence can only be achieved along a sequence of values 
d — )■ 0. d must actually remain suitably away from certain values of d where resonance 
occurs, and the topological type of the solution changes: unlike the point concentration 
case, the Morse index of these solutions is very large and grows as (i — )• 0. 

It is natural to analyze the critical case q = ^^^, namely the problem 

o n+2 Qu 

d^Au-u + u"^^ =0 in O, 7— = on 90. (1.6) 

The lack of compactness of Sobolev's embedding makes it harder to apply variational 
arguments. On the other hand, in [1, 47] it was proven that a non-constant least energy 
solution Ud of (1.6), minimizer of (1.2) exists, provided that d be sufficiently small. The 
behavior of n^ as d — >■ has been clarified in the subsequent works [4, 38, 43]: as in the 
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subcritical case, u^ concentrates, having a unique maximum point pd which hes on d^ 
with 

Hdn {Pd ) -^ max Hq^ (p) . 
pedn 

Pohozaev's identity [41] yields nonexistence of positive solutions to Problem (1.4) when 

q = ^^^, and thus the concentration phenomenon must necessarily be different. Unlike 

the subcritical case, Udipd) — ^ +oo the profile of Ud near pd is given, for suitable jXd — ^ 0, 

by 

n-2 

Ud{x)^d-^w^^{\x-pd\) (1.7) 

where w^{\x\) corresponds to the family of radial positive solutions of 



n + 2 

/\w + w^^=Q inM" (1.^ 



namely 



n-2 
2 n-2 



w^{\x\) = an\ o , I 19 ) , an = {n{n - 2))" i" , (1.9) 

which up to translations, correspond to all positive solutions of (1.8), see [9]. The precise 
concentration rates /x^ are dimension dependent, and found in the works [5, 2.3, 43]. In 
particular ^u^ ~ (P for n > 5, so that Ud{pd) ~ d 2~. 

As in the subcritical case, construction and estimates for bubbling solutions to Problem 
(1.6) have been subjects broadly treated. In addition to the above references we refer the 
reader to [2, 3, 16, 18, 19, 28, 30, 42, 44, 46, 48, 49, 51]. 

In particular, in [3] it was found that for n > 6 and a non-degenerate critical point po 
of the mean curvature with Hqq{pq) > 0, there exists a solution with its profile near po 
given by 

n — 2 1 ^ 

Ud{x) ^ d^2-Wi,^{\x-po\), fj.d = anHQQ{po)^-2d (1.10) 

for certain explicit constant a^ > 0. See also [42, 43] for the lower dimensional case. The 
condition of critical point for Hqq with Hqq{pq) > turns out to be necessary for the 
boundary bubbling phenomenon to take place, see [5, 23]. 

The concentration phenomenon in the critical scenario is more degenerate than that in 
the subcritical case, and its features harder to be detected because of the rather subtle 
role of the scaling parameter ^. The purpose of this paper is to unveil the corresponding 
analog of a solution like (1.10) for the fc-dimensional concentration question, in the so far 
open critical case of the k-th critical exponent q = ""^j^^ ; namely for the problem 

„ n-fc + 2 Qu 

d^ Au - u + ur^-k-i = in 0, 7— = on 9ri. (1.11) 

ou 

Let K be fc-dimensional embedded submanifold of dO,. Under suitable assumptions we 
shall find a solution Ud{x) which for points x G R" near K, which can be described as 

x = p + z, p £ K, |z| = dist (x, K). 

we have 

Ud{x)^d'^'^w^^{\z\), Hd{p) = an-kH{p)^^^d'^ (1.12) 
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where Wfj_ now denotes 



The form of the quantity H(p) is of course not obvious. It turns out to correspond to a 
weighted average of sectional curvatures of 9f2 along K, which we shall need to assume 
positive. To explain what it is we need some notation. 

We denote as customary by TpdQ the tangent space to 90 at the point p. We consider 
the shape operator L : TpdQ — )• TpSO defined as 

L[e] := -VeZ^(p) 

where Vei'(p) is the directional derivative of the vector field v in the direction e. Let us 
consider the orthogonal decomposition 

Tpdn = TpK e NpK 

where NpK stands for the normal bundle of K. We choose orthonormal bases {ea)a=i,...,k 
of TpK and iei)i=k+i,...,n-i of NpK. 

Let us consider the (n — 1) x (n — 1) matrix H{p) representative of L in these bases, 
namely 

Hai3{p) = -ea •L[e/3]- 

This matrix also represents the second fundamental form of dQ at p in this basis. Haaip) 
corresponds to the curvature of dQ in the direction Cq,. By definition, the mean curvature 
of dQ at p is given by the trace of this matrix, namely 

n.-l 

i=i 
In order to state our result we need to consider the mean of the curvatures in the 
directions of TpK and NpK, namely the numbers Yli=i Hii{p) and YllZk+i ^jjip)- 

Theorem 1. Assume that dil. contains a closed embedded, non- degenerate minimal sub- 
manifold K of dimension k > 1 with n — k > 7, such that 

k n—l 

H{p) := 2 J^F,,(p) + ^ H,j{p) > for all p e K. (L13) 

i=l j=k+l 

Then, for a sequence d = dj — > 0, Problem (1-11) has a positive solution u^ concentrating 
along K in the sense that expansion (1-12) holds as d — )■ and besides 

t^^lVn^l^ ^ Sn-kSx asd^O 

where 5k stands for the Dirac measure supported on K and Sn-k is an explicit positive 
constant. 
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Condition (1.13) is new and unexpected. On the other hand, it is worth noticing that 
(1.13) can be rewritten as 

n-l 

2^5c(p) - Y. ^niP) > for all P G K. 

j=k+i 

Formally in the case of point concentration, namely A; = 0, this reduces precisely to 
Hdnip) > 0, that is exactly the condition known to be necessary for point concentration. 
We suspect that this condition is essential for the phenomenon to take place. On the other 
hand, while the high codimension assumption n — fc > 7 is crucial in our proof, we expect 
that a similar phenomenon holds just provided that n — k > 3. 

It will be convenient to rewrite Problem (1.11) in an equivalent form: Let us set N = 
n — k and d? = e. We define 

_ JV-2 _-, 

u(x) = £ '^ v{e~ x). 
Then, setting fi^ := e^^il. Problem (1.11) becomes 



iV+2 

-e^; + viv-2=o inO^, 

on sr^p. 



The proof of the theorem has as a main ingredient the construction of an approximate 
solution with arbitrary degree of accuracy in powers of e, in a neighborhood of the manifold 
K^ = e~^K. Later we built the desired solution by linearizing the equation (1.14) around 
this approximation. The associated linear operator turns out to be invertible with inverse 
controlled in a suitable norm by certain large negative power of e, provided that e remains 
away from certain critical values where resonance occurs. The interplay of the size of 
the error and that of the inverse of the linearization then makes it possible a fixed point 
scheme. 

The accurate approximate solution to (1.14) is built by using an iterative scheme of 
Picard's type which we describe in general next. 

Observe that the desired asymptotic behavior (1.12) translates in terms of v as 

v{x)^ ^lQ{ez)-^-WQ{n'^^{ez)\C,\) , x = z + C, z £ K^, |C| = dist (x, K^), (1.15) 

where 

^io{y) = aNH{y)7^ y = £zeK. 
Here and in what follows wq designates the standard bubble, 

/ 1 \ 2 jv-2 

We introduce the so-called Fermi coordinates on a neighborhood of Kg; := e~^K, as a 
suitable tool to describe the approximation (1.15). They are defined as follows (we refer 
to subsection 2.2 for further details): we parameterize a neighborhood of Kg, using the 
exponential map in d^e 

{z,X,Xn) e Ke X M^-^ X M+ ^ Ti(z,X,Xjv) := 
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N-1 

i=l 

Here the vector fields Ei{z) represent an orthonormal basis of NzK^. Tlius, (1-15) corre- 
sponds to the statement that after expressing v in these coordinates we get 

v{z,X,Xn) w I^o{£z) ~wo {fiQ^{ez){X,XN)) 

where suitable corrections need to be introduced if we want further accuracy on the induced 
error: we consider a positive smooth function //^ = //^(p) defined on K, a smooth function 
$£ : K — 7- R-^"^, and the change of variables (with some abuse of notation) 

iV-2 

v{z,X,XN)=fie ' {ez)W{e-^y,fi;\ez){X -^,{ez)), i^j\ez)XN), (1.17) 

with the new W being a function 

We will formally expand W{z,^) in powers of e starting with wq{^)^ with the functions 
<I>e(y) and /^^(y) correspondingly expanded. 

Substituting into the equation, we will arrive formally to linear equations satisfied by 
the successive remainders of wq{^) (as functions of ^). These linear equations involve the 
basic linearized operator £ := — A — pWq~ . 

The bounded solvability of the linear equations at each step of the iteration, is guaran- 
teed by imposing orthogonality conditions of their right-hand sides, with respect to ker(£) 
in L°°(M ). These orthogonality conditions, amount to choices of the coefficients of the 
expansions of /z^ and ^e: for the latter, the equations involve the Jacobi operator of K 
and it is where the nondegeneracy assumption is used. The coefficients for the expansion 
of Hsi^z) come from algebraic relations, in particular an orthogonality condition in the 
first iteration yields 

k N+k-1 

fio{y) := QN 2^Hjj{y)+ ^ Hii{y) y e K. 

j=l i=fc+l 

This is exactly where the sign condition (1.13) in the theorem appears. 

The rest of the paper is organized as follows. We first introduce some notations and con- 
ventions. Next, we collect some notions in differential geometry, like the Fermi coordinates 
(geodesic normal coordinates) near a minimal submanifold and we expand the coefficients 
of the metric near these Fermi coordinates. In Section 3 we expand the Laplace-Beltrami 
operator. Section 4 will be mainly devoted to the construction of the approximate so- 
lution to our problem using the local coordinates around the submanifold K introduced 
before. In Section 5 we define globally the approximation and we write the solution to 
our problem as the sum of the global approximation plus a remaining term. Thus we 
express our original problem as a non linear problem in the remaining term. To solve such 
problem, we need to understand the invertibility properties of a linear operator. To do so 
we start expanding a quadratic functional associated to the linear problem. In Section 6 
we develop a linear theory to study our problem. Then, we turn to the proof of our main 
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theorem in Section 7. Sections 8 and 9 are Appendices, where we postponed the proof of 
some technical facts to facihtate the reading of the paper. 

Acknowledgments. The first author is partially supported by Fondecyt Grant 1070389, 
Fondo Basal CMM and CAPDE-Anillo ACT-125. The second author is partially supported 
by Fondecyt Grant 1100164, Fondo Basal CMM. The last author is partially supported 
by Fondecyt Grant 1080099 and CAPDE-Anillo ACT-125. 



2. Geometric setting 

In this section we first introduce Fermi coordinates near a A;-dimensional submanifold of 
dil. C M"" (with n = N+k) and we expand the coefficients of the metric in these coordinates. 
Then, we recall some basic notions about minimal and non-degenerate submanifold. 

2.1. Notation and conventions. Dealing with coordinates, Greek letters like a, /3, . . . , 
will denote indices varying between 1 and n — 1, while capital letters like A,B, . . . will 
vary between 1 and n; Roman letters like a or 6 will run from 1 to k, while indices like 
i,j, . . . will run between 1 and A^— 1 := n — k — 1. 

^1, . . . ,S,N-i-,^N will denote coordinates in M^ = W^"^, and they will also be written as 

The manifold K will be parameterized with coordinates y = {yi, . . . ,yk)- Its dilation 
Ki; := jK will be parameterized by coordinates (zi, . . . , Zk) related to the y's simply by 

y = ez. 

Derivatives with respect to the variables y, z oi £_ will be denoted by 9y, dz-, d^, and for 
brevity sometimes we might use the symbols da-, da and di for dy^, dz^ and ^^^ respectively. 

In a local system of coordinates, (^aB)ai3 are the components of the metric on dQ naturally 
induced by M". Similarly, i^AB)AB are the entries of the metric on Q. vn a. neighborhood 
of the boundary. {Hai3)ai3 will denote the components of the mean curvature operator of 
dn into M". 

2.2. Fermi coordinates on 90 near K and expansion of the metric. Denote by g 
the metric induced by the Euclidean metric on dQ and by V the associated connection. 
Let K he a fc-dimensional submanifold of {d^,g). Along K we choose a local oriented and 
orthonormal frame field {{Ea)a=i,-k, (-Ei)j=i,... ,Af-i)- This means that at points of K, TdQ 
splits naturally as TK © NK, where TK is the tangent bundle to K with orthonormal 
basis {Ea)a and NK represents the normal bundle, which is spanned by the orthonormal 
basis {Ej)j. 

Given a point q £ K, we assume that at q the normal vectors {Ei)i, i = 1, . . . ,N — 1, 
are parallel transported along K, namely 

g{VE^Ej,E,)=0 atq, i,j = l,...,N-l,a = l,...,k. (2.1) 
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Furthermore, if we denote by r^(-) the 1-forms defined on the normal bundle of K by 

Vl{Ei) = g{VE.E,,E,), (2.2) 

then 

k 

K is minimal <;=^ > T'^{Ei) = for any i = 1, . . . n. (2-3) 

a=l 

To parameterize a neighborhood of q in 50, we introduce 

N-l 

To(y,x) = exp^^(^ Xj^Jj); (y,x) = ((ya)^, (xj),) , (2.4) 

i=l 

where exp^ is the exponential map at y in dO.. These are called Fermi coordinates {y, x) 
on dQ. 

By our choice of coordinates, on K the metric 'g splits in the following way 

9{q) = Habio) dya ® dyb + Oijiq) dxi dxj, q e K. (2.5) 

When we consider the metric coefficients in a neighborhood of K, we obtain a deviation 
from formula (2.5), which is expressed by the next lemma, see Proposition 2.1 in [32] for 
the proof. Denote by r the distance function from K. We will also denote by Ra/B^yS the 
components of the curvature tensor with lowered indices, which are obtained by means of 
the usual ones Rg^yS by 

Ra/B-yS = gaa R'^-yS- (2-6) 

Lemma 2.1. In the above coordinates (y, x), for any a = 1, ..., k and any i,j = 1, ..., A^— 1, 
we have 

5j (0, x) = 5ij + 5 Ristj Xs xt + 0{r^); 






g^j{0,x) =0(0; 

9ab{0, x) = 5ab -2Ti{Ei) X, + {R,au + r^(^.) ^\(E{)\ x,xi + 0{ 



3^ 



Here Ristj (see (2.6)) are computed at the point q of K parameterized by (0,0). 

Next we introduce a parametrization of a neighborhood in of g G d^ through the 
map Ti given by 

Ti{y,x) = To{y,x) + XNHy,^), x = {x,XN)eR^-^ xR, (2.7) 

where Tq is the parametrization introduced in (2.4) and i'{y, x) is the outward unit normal 
to dQ at To(y,2;). We have 

9Ti (9To _ du 9Ti 9To _ di^ 

-^ — = ^ — {y,x) + XN^—{y,x); — — = — — (y,x) + XAf-— (y,x). 

dya oya oya oxi dXi dxi 

Let us define the tensor matrix H to be given by 

dv^[v] = -H{x)[v]. (2.8) 
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We thus find 



dxi ' dx 

Differentiating Ti with respect to xn we also get 



-^ = [Id- XNH{y, x)] -^{y, x); (2.9) 

Oya Oya 

' [Id-XNH{y,x)]-^{y,x). (2.10) 



dx 



N 



v{y,x). (2.11) 



Hence, letting gap be the coefficients of the flat metric g of M "*" in the coordinates 
(y, X, xjv), with easy computations we deduce for y = (y,a;) that 

Qaliiy, Xn) = 9af}{y) + Xn {Ha59si3 + HpsgSa) iv) + X%Ha5H^[sgsa{y); (2.12) 

OaN = 0; gNN = 1- (2.13) 

In the above expressions, with a and /3 we denote any index of the form a = 1, . . . ,k or 
i = l,...,iV- 1. 

We first provide a Taylor expansion of the coefficients of the metric g. From Lemma 
2.1 and formula (2.12) we have immediately the following result. 

Lemma 2.2. For the (Euclidean) metric g in the above coordinates we have the expansions 
9ij = ^ij + "^XNHij + - Ristj Xs xt + xlf{H'^)ij + 0{\xf), l<i,j <N -1; 
gaj = -2xNHaj + 0(|x|2), a=l,...,k,j = l,...,N-l; 



XgXi 



gab = Sab - 2K{Ei)x, - 2xNHab + [Rsabl + K{Es)T'^{Ei) 

+2xNXi [HacTtiEi) + HbcKiEi)] + x%iH^)ab + Oi\x\^), a,b=l,...,k; 
gaN = 0, a = l,...,k; giN = 0, i = 1, . . . ,N - 1; gNN = '^- 

In the above expressions Hai3 denotes the components of the matrix tensor H defined in 
(2.8), Ristj are the components of the curvature tensor as defined in (2.6), T\{Ei) are 
defined in (2.2). 

Furthermore, we have the validity of the following expansion for the square root of the 
determinant of g 



Vdets- = 1 - XAftr {H) + -RmUlXmXl + - i Rmaal " KiEm)KiEl) j X„ 

+ ^x%tr {Hf - x% tr (H^) - 2xNXiHabTi{Ei) + 0(|x|3). 



Xl 



Yol{Kt,^)= [ {^,h)NdVK, (2.15) 

Jk 
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2.3. Non degenerate Minimal submanifold. Denoting by C°°{NK) the space of 
smooth normal vector fields on K. Then, for ^ G C°^{NK), we define the one-parameter 
family of submanifolds 1 1— t- Kt^^ by 

Kt,^ := {expf (ta>(y)) : y e K}. (2.14) 

The first variation formula of the volume is the equation 

d 

dt t=o 

where h stands for the mean curvature (vector) of K in dQ, {■,-)n denotes the restriction 
the metric g to NK, and (IVk the volume element of K. 

A submanifold K is said to be minimal if it is a critical point for the volume functional, 
namely if 

— Vol(J^t,$)=0 for any $GC7°°(iVi^) (2.16) 

^* t=o 

or, equivalently by (2.15), if the mean curvature h is identically zero on K. It is possible 
to prove that condition (2.16) is equivalent to (2.3). 

The Jacobi operator ^ appears in the expression of the second variation of the volume 
functional for a minimal submanifold K 

and is given by 



Vol(Kt,$) = - / (5^, ^)7V dVK] $ G C^iNK), (2.17) 

i=o Jk 



5$ := -A^$ + «R^$ - <B^$, (2.18) 

where <H^, 55^ : NK -^ NK are defined as 

D\^^ = {RiE^,<^)E,f; g{^^<^,nK) := r^($)r^(n^), 

for any unit normal vector n^ to K. The Jacobi operator defined in (2.18) expressed in 
Fermi coordinates take the expression 

i2<^y = -AK<^'+(Rmaal-K{Em)K{Ei)]^"', l = l,...,N-l (2.19) 



where Rmaai and r^(Sm) are smooth functions on K and they are defined respectively in 
(2.6) and (2.2). A submanifold K is said to be non- degenerate if the Jacobi operator 3 is 
invertible, or equivalently if the equation 5$ = has only the trivial solution among the 
sections in NK. 

3. Expressing the equation in coordinates 
We recall from (1.14) that we want to find a solution to the problem 

{ N+2 
Av-ev + V^-^ =0 in r^e, , . 

^ = on dn,. 
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The first element to construct an approximate solution to our problem is the standard 
bubble 

MO = "^ ^_2 , OTV = {N{N - 2))^ for all ^eR^ (3.2) 

(1 + ieP)— 

solution to 

Aw + w7r^=0 in M^, t^— = in dR^. (3.3) 

Ot,N 

It is well known that all positive and bounded solutions to (3.3) are given by the family 
of functions 

N-2 f X — P 

V /^ 

for any /x > and any point P = (Pi, . . . , P/v_i, 0) E dRj^. The solution we are building 
will have at main order the shape of a copy of wq, centered and translated along the k- 
dimensional manifold K inside dVl. In the original variables in 0, this approximation will 
be scaled by a small factor, so that it will turn out to be very much concentrated around 
the manifold K. 

To describe this approximation, it will be useful to introduce the following change 
of variables. Let (y, x) G ]R^'+^ be the local coordinates along K introduced in (2.7). 
Let z = - ^ K^ and X = - G R . A parametrization of a neighborhood (in O^) of 
I E i<'e C dQ,e close to Kf, is given by the map T^ defined by 

Te{z, X, Xn) = -Ti{ez, eX), X = {X, Xn) G R^~^ x M+ (3.4) 

where Ti is the parametrization given in (2.7). 

Given a positive smooth function /ig = fj,s{y) defined on K and a smooth function 
^e ■■ K — > M^-^ defined by $e(y) = ($^(y), . . . , $f ^^(y)), y £ K, we consider the 
change of variables 

N-2 

v{z,X,XN)=fie ' {ez)W{z,fi;\ez){X -<!>e{ez)), fi-\ez)XN), (3.5) 

with the new W being a function 

W = W{z,a z=y, e = ^^^, iN = ^. (3.6) 

e fie /ie 

To emphasize the dependence of the above change of variables on fi^ and <!>£, we will use 
the notation 

v = T^,„<s,,{W) ^^v and W satisfy (3.5). (3.7) 

We assume now that the functions /ig and <I>e are uniformly bounded, as e — ?■ 0, on 
K. Since the original variables {y, x) G M'^"''^ are local coordinates along K, we let the 
variables {z,S,) vary in the set V defined by 

-D = {{z, e, Ctv) : ez€K, \^\ < ^, < ^jv < ^} (3.8) 
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for some fixed positive number 6. We will also use the notation D = K^ x P, where 
Ke = - and 

^ = {(e,ejv) : ie"i<^, o<eiv<^}. 

Having the expansion of the metric coefficients obtained in Section 2, we easily get the 
expansion of the metric in the expanded variables: letting g^ a be the coefficients of the 
metric 5^, we have 

9a,p{z,X) = ga,i3{ez,eX) 
where ga,i3 are given in Lemma 2.2. With an easy computation we deduce the following 

Lemma 3.1. For the (Euclidean) metric g^ in the above coordinates {z,X) we have the 
expansions 

4. = 6ij - 2eXMHij + i- Ristj X^ Xt + e^X%{H% + e^Od^p), 

i,j = l,...,N-l; 
glj = -2eXNHaj + e'0(|X|2), a = 1, . . . , A:, j = 1, . . . , A^ - 1; 



XfiX, 



dlb — ^ab - 2er^(£'j) Xi — 2eXj^Hah + e RsaU + '^a{^s)'^c{^l) 

+2e^XNXi [HacniEi] + HbcKiEi)] + e^X%{H\b + e^O{\Xf), 
a,b = 1, . . . ,k; 

91n = ^i a = l,...,k; glN = ^i z = 1, . . . ,iV - 1; g%^ = l. 

In the above expressions H^tp denotes the components of the matrix tensor H defined in 
(2.8), Ristj are the components of the curvature tensor as defined in (2.6), T\{Ei) are 
defined in (2.2). 

Furthermore, we have the validity of the following expansion for the square root of the 
determinant of g^ 

^/dit^ = 1 + eXNtr{H) + -R^iuX^Xi + - [Rmaal - Tl{Em)K{Ei)\X,nXi 

+ -Xltr{Hf - e^X% tr{H^) + 2e'XNXiHabTi{Ei) 

+ e^O{\X\^). (3.9) 

We are now in a position to expand the Laplace Beltrami operator in the new variables 
(2,^) in terms of the parameter e, of the functions ^e(y) and $£(y). This is the content 
of next Lemma, whose proof we postpone to Section 8. 
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Lemma 3.2. Given the change of variables defined in (3.5), the following expansion for 
the Laplace Beltrami operator holds true 

5 



N+2 



tie' Av = Af,,,^,iW) := iildlW + AgM/ + Y, MW + B{W). 



f=0 



Above, the expression Ak denotes the following differential operators 

+ e^dafis? [D^^W [^]2 + 2(1 + 7)D^W[^] + 7(1 + j)W] 



2efie 



D^{daW)[dafie^] + D^{daW)[da^e] + T^a/^. daW 



where we have set 7 



N-2 



AlW 



E 



2f,,eHi,^N -i E RmijlifieU + '^T){l^eCl + '^'e'. 



m,l 



I 



d^W, 



(3.10) 



(3.11) 



(3.12) 



where the functions T)^^^^ are smooth functions of the variable z = - and uniformly bounded. 
Furthermore, 

-^2^^ = E [E ^^--J^-"-^- + '^D + E (^™-J- - Era(^™)r?(i?,)) {l^eU + ^T) 

1' '-hi m n ^ n ' 



-2ix,i^ ^HabTliEj) 



e^l-iedjW, 



(3.13) 



and 



A3W 



fledNW. (3.14) 



etiiH) - 2fi, ehi{H^) Cn - 2e^ J^(/ie^i + '^i)Habn{Ei) 

i,a,b 

Moreover 

A4W = AefieCNj2Haj {-eDy{djW){da^e] + l^ed^ajW - edaflehdjW + D^idjWm)) 

(3.15) 
and 



A,W 



Z S),"e'[M.Ci + '^i] + e>. ^"n ^n 



a J 



{/i, [-eD^W [da^e] + ti.d-aW - edatieiW + D^W [e])] } 



(3.16) 



where S^ anc? 3^ are smooth functions of z = -. Finally, the operator B{v) is defined 
below, see (8.1). 
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We recall that the symbols da, da and di denote the derivatives with respect to dy^, dz^ 
and d^. respectively. 

After performing the change of variables in (3.5), the original equation in v reduces 
locally close to Ke = y to the following equation in W 

-A^^,<^^W + eixiW-W^ = ^, (3.17) 

where A^^^^^ is defined in (3.10) and p = jqz^- We denote by S^ the operator given by 
(3.17), namely 

Se{v) := -A^,^,^^v + e^xlv - v^ . (3.18) 

In order to study equation (3.17) in the set (z, ^), with z S Ke, \^\ < - and < ^at < -, we 
will first construct an approximate solution to (3.17) in the whole space A'g x R^~^ x [0, cx)) 
(see Section 4). Then, by using proper cut off functions, we will build a first approximation 
to (3.17) in the original region z £ K^, \^\ < | and < ^at < |. 

The basic tool for this construction is a linear theory we describe below. 

Let us recall the well known fact that, due to the invariance under translations and 
dilations of equation (3.3), and since wq is a non-degenerate solution for (3.3), we have 
that the functions 

^^■(^) = ^' J = h...,N-l and Zo{0=C-Vwo{0 + ^^MO (3.19) 

are the only bounded solutions to the linearized equation around wq of problem (3.3) 

-Acf) - pwf.~^(t) = in M^~^ X M+, — — = on ^^v = 0. 

Let us now consider a smooth function a : -ff — )• M with a(y) > A > for a\l y £ K and 
a function g : K x M^~^ x M+ — )• M that depends smoothly on the variable y £ K. Recall 
that a variable z G iTg has the form ez = y € K. 

We want to find a linear theory for the following linear problem 

— Ajgjvi/) — pwq (j) + £ a{£z)(j) = g in M^ 

^ = 0, on {Ctv = 0} (3.20) 

^ V-ix[o,oo)'^(£^'0^i(e)^^ = for all zGKe, j = 0,...N-l. 

To do so we first define the following norms: Let 5 > he a positive small fixed number 
and r be an integer. For a function w defined in K^ x R"~^ x [0,oo), we define 



iz,oeK,xm<^} (z,oeK,xm>^} 



\w\\e,r-= sup ({l + \C\^)2\w{z,0\] + SUp ( £ 2 |u;(z, ^1 j • 

(3.21) 
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Let a G (0, 1). We further define 



l«^IU,r+ sup (i + ier)~Ma,B(c,i) (3-22) 



(z,OeK,xm>^} 



r-f-a , 



+ sup (_£ 2 [W\^^B{^^1) 

where we have set 



r 1 \W{Z,^2)-W{z,^i)\ 

[w\a,B{^,l) ■■= sup :- — . (3.23) 

€i,6eB(?,i) 1^1 -6r 

We have the vahdity of the following lemma. 

Lemma 3.3. Let r be an integer such that 4 < r < N and a G (0, 1). Let a : K ^ M. be 
a smooth function, such that a{y) > A > for all y £ K. Let g : K x M x [0, oo) — t- M 
be a function that depends smoothly on the variable y G K, such that \\g\\e,r is bounded, 
uniformly in e, and such that 

I giez,C)Zj{OdC = for all z G K^, j = 0,...N-l. 

JIR^~ix[0,oo) 

Then there exist a positive constant C and a solution (j) to the problem (3.20) such that 

\\Dme,r,a + ||i?5<^||,,r-l,a + \\He,r~2,a < C|blU,r,<x. (3.24) 

Furthermore, the function <j) depends smoothly on the variable ez, and the following esti- 
mates hold true: for any integer I there exists a positive constant Ci such that 

Pi0||.,r-2,<x < Q 5^ \\D'!g\\e,r,a ) • (3.25) 

\ k<l I 



Proof. The proof of this Lemma will be divided into several steps. 

Step 1. We start showing the validity of an a-priori external estimate for a solution 
to problem (3.20). Assume (j) is a solution to problem (3.20). Given i? > 0, we claim that 

\Hz,0\<c{M^^^^^^^^^..^+e'-^\\g\U,), (3.26) 

for all z e Ke and |^| > R5e~2. 

Let i? > be a fixed number, independent of e. In the region |,^| > R5e~2 the function 
(j) solves 

-A(P + ebiez,^)(P = g 

where 

p-i 

b{ez, = a{ez) - ^^^^^ = a{ez) + £9^(0, 

with 0£ a function uniformly bounded in the considered region, as e — )• 0. Thus we 
have that 6 is a smooth function of ez, uniformly bounded as e — t- 0, and such that 
b{£z, ^) > A > in the considered region. 
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Thus, the function cj){z,t) = (j){z,£~^t) is a solution to 

+ h{ez, t)(f> = £~^g in the region \t\ > R6 



with b a uniformly positive function. Using the representation formula for the solution 
of the above problem, we thus have 

L°°{\t\>5K) < C ye" \\g\\L°°{\t\>5R) + \\4>\\L°°i\t\=5R)J 

for some positive constant C. 

In the original variables the above estimate reads as follows 

<cfe^||a|Lr- + ll</'ll 1 

which gives (3.26). 

Step 2. Assume now that (/> is a solution to (3.20). We will now prove that there 
exists C > such that 

||</'||.,r-2 < C\\g\\e,r- (3.27) 

We argue by contradiction: let us assume that there exist sequences e„ — )■ 0, g„, with 

llfl'nilen.r "> and solutions (pn to (3.20) with ||0n||e„,r-2 = 1- 

Let Zn G -f^e„ and ^n be such that 

\4>n(enZn, U)\ = SUp | </>„(?/, 0|. 

We may assume that, up to subsequences, (enZn) -^ y in K. On the other hand, from 
Step 1, we get that 

r:z2 r-2 

sup en' \4>n{enz,0\ <CR 2 , 

_ 1 

zeKe„,\C\>SRe„^ 

thus choosing R sufficiently large, but independent of En, we have that 

r-2 

sup en" \(pn{z,^)\ 

_ 1 
z&Ke„,\i\>5Ren^ 

is arbitrarily small. In particular one gets that |^n| ^ Csn ' for some positive constant C 
independent of e„ . 

Let us now assume that there exists a positive constant M such that \^n\ ^ M. In 
this case, up to subsequences, one gets that ^„ — )• ^o- We then consider the functions 
4>n{z-,^) = 4>n{z,^ + ^n)- This is a sequence of uniformly bounded functions, and the 
sequence {4>n) converges uniformly over compact sets of X x M^"^ x M+ to a function cj) 
solution to 

J -A0-pu;[;~V = O inM^ 

1^ = 0, on{e;v = 0}. 

Since the orthogonality conditions pass to the limit, we get that furthermore 

/ 0(y, i)Zj (e) d^ = for ah y e K, for all j = 0, . . . iV - L 

JR'v-ixlO.oo) 
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These facts imply that (j) = 0, that is a contradiction. 

Assume now that Hm |^„| = oo and define the function 0„(z,^) = <j)n{z, |Cn|C + Cn)- 

n— >oo 

Clearly cpn satisfies the equation 

\^ + I Isnl? + ?n| ) 

Consider first the case in which lim„_^oo ^nl^nP = 0. Under our assumptions, we have that 
(pn is uniformly bounded and it converges locally over compact sets to (f) solution to 

A(^ = in M^, |(^| < C7|^|^-2. 

Since 4 < r < A^, we conclude that </> = 0, which is a contradiction. 

Consider now the other possible case, namely that lim„_5.oo ^nlCnP = /3 > 0. Then, up 
to subsequences we get that (pn converges uniformly over compact sets to (/) solution to 

A4>-pa4) = in M^, \4>\ < C]^]""-^ . 

This implies that = 0, which is a contradiction. Taking into account the result of Step 
1, the proof of (3.27) is completed. 

Step 3. We shall now show that there exists C > such that, if </> is a solution to 
(3.20), then 

l2. 



\\Dme,r + \\D^Hs,r-l + ||<^||e,r-2 < C\\g\\e,r- (3.28) 

Let us first assume we are in the region |^| < &~2, and z G Kf,. Thus, using estimate 

c 

(i+ier-^)- 



(3.26), we have that (f) solves —A4> = g in \^\ < 5e~2 where \g\ < (i_5!c\r) • Elliptic estimates 

give that |0| < '-^ 

Let us now fix a point e G R and a positive number i? > 0. Perform the change of 
variables (j){z, t) = (j){z, Rt + 3Re), so that 

A6= -q in \t\ < 1 

^ ^r-2y I I - 

where \g\ < ^ , g^ i ^ . Elliptic estimates give then that ||i?'^'~^Z)^(^||£,oo(o^i) < C'||5||x,oo(^(o,2))) 
inequality that translates into 

This inequality finally gives 

Arguing in a similar way, one gets the internal weighted estimate for the first derivative 

11(1 + i^ir ^^^^ii,.(|,,,.-^) < ^11(1 + i^ir^ii..,,,,.-^)- 

Assume now that |^| > (5e~2. In this region the function solves 

-A^ + eb{ez,C)(t> = g 

where 6 is a smooth function of ez, uniformly bounded as e — )• 0, and such that b{£z, ^) > 
A > 0. Furthermore in this region \g\ < Ce^. By using the representation formula for 
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r — 2 1 

solution (j) to the above equation, we see that |0| < Ce~2~ in |^| > 5e~2. Furthermore, 
elhptic estimates give that in this region \D(f)\ < Ce^~ and |-D^i?!>| < Ce^. This concludes 
theproof of (3.28). 

Step 4. We shall now show that there exists C > such that, if </> is a solution to 
(3.20), then 

\\Dm,^r,a + \\D^(P\\e,r~l,a + ||'/'lkr-2,a < C||g||,,,,,. (3.29) 

Let us first assume we are in the region |^| < 5e~2^ and z G K^. We first claim that 
from elliptic regularity, we have that if ||5||£,r,o- < C then ||0||£^,._2,o- < C. Thus, we write 
that (j) solves — A<^ = 5 in |CI < Se^^ where ||g||e,r,o- < C. 

Arguing as in the previous step, we fix a point e G M and a positive number R > 0. 
Perform the change of variables (p{z, t) = (p{z, Rt + 3Re), so that 

A0= -fr-^g in Itl < 1 

where 1^1 < n g^,^ . Elliptic estimates give then that ||i?'^'~^L'^0||(^o,<T(5(o,i)) ^ C'H^H^, 00(5(0,2))- 
This implies that 

R^~^Dl4L^^B^) + R^-'[D'4>UBio,i) < C. 
In particular, we have for any z G Xg, that 

^.-2 ^^^p |Z^^^(.,,0-Z^^^(.,,2)|^^_ 

j/i,'y26B{o,i) |yi-y2r 

This inequality gets translated in term of (f) as 

«- sup l"VU.6)-I'V(..&)l,p. 

5i,66B(c,i) l?i-6r 

In a very similar way, one gets the estimate on Dcf). 

In the region |^| > (5e~2 ^ arguing as in the proof of Step 3 and using the representation 
formula for solution 0, we obtain the validity of our estimate. This concludes the proof of 
(3.29). 

Step 5. Now we shall prove the existence of the solution (j) to problem (3.20). We 
consider first the following auxiliary problem: find (j) and a : Kg, — )• M solution to 

- A(^ - pw^q'^^ + e a{y)^ = g + OL{z)Z{i) in M^ 

^ = 0, on {^,v = 0} (3 3Q) 

/r^-1xK+ 4>{z,i)Zj{£,)di = /Kiv-ixM+ <i>{z,i)Z{i)di = Z^Ke, 
y (j = 0,...iV-l), 

where Z is the first eigenfunction, with corresponding first eigenvalue Aq > 0, in Lp'{W ) 
of the problem 

" + PWo(0^"V = A<^ in R^. (3.31) 
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The above problem is variational: for any fixed z € -fCe, solutions to (3.30) correspond to 
critical points of the energy functional 

1 / r, — -,o p_i 



for functions G H^{B]^~^ x R"*"), that satisfy /i8]v-ixr+ 4>'^i = /Riv-ixM+ 'P^ = fo'^ ^-ll 
j = 0, . . . , A^ — 1. This functional is smooth, uniformly bounded from below, and satisfies 
the Palais-Smale condition. We thus conclude that E has a minimum, which gives a 
solution to (3.30). 

Observe now that, multiplying the equation in (3.30) against Z , integrating in M x 
M"*", and using the orthogonality conditions in (3.30), one easily gets that 

a{z)= f g{z,i)Z{i)di for ah z e Ke- (3.32) 

JR'v-ixR+ 

Given {4>,a) solution to (3.32), we define 

(p = (l) + f3Z with f3{z) = ^ — ■ ^^— • 

A straightforward computation shows that i?i) is a solution to (3.30). 

Finally, estimate (3.25) follows by a direct differentiation of equation (3.20) and a use 
of estimate (3.24). This concludes the proof of Lemma 3.3. D 

4. Construction of approximate solutions 

This section will be devoted to build an approximate solution to Problem (3.17) locally 
close to Ki;, using an iterative method that we describe below: Let / be an integer. The 
expanded variables {z, ^) will be defined as in (3.6) with 

He{ez) = flQ + m^e -\ \-f^I,e, (4.1) 

where no, fii^e, . . . ,iJ,i,e are smooth functions on K, with (iq positive, and 

$,(ez) = $i,, + ••• + $/,„ (4.2) 

where $i,£, . . . , $/,e are smooth functions defined along K with values in M . In the 
{z, ^) variables, the shape of the approximate solution will be given by 

Wi+i,e{z,'^,CN)=Wo{C)+Wi,e{z,0 + ---+Wl+l,e{z,0, ^=i^,^N) (4.3) 

where wq is given by (3.2) and the functions Wj,e^ for j > 1 are to be determined so that 
the above function Wjj^i^e satisfies formally 

N+2 J 

-^M.,*.^/+i,. + eiil Wi+i,e - W,%]^ = 0(6^+2) in K, x M^-^ x 1R+. 

This can be done expanding the equation (3.17) formally in powers of e (and in terms of ^^ 
and <!>£) for W = Wj+i^s (using basically Lemma 3.2) and analyzing each term separately. 
For example, looking at the coefficient of e in the expansion we will determine ^o and 
Wis, while looking at the coefficient of e^~'~2 we will determine Wj^e, /ij-i,e and <l>j_i^£, for 
J = 2, ...,/+ 1. In this procedure we use crucially the non degeneracy assumption on K 
(which implies the invertibility of the Jacobi operator) when considering the projection 
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on some elements of the kernel of the linearization of (1-14) at wq, while when projecting 
on the remaining part of the kernel we have to choose the functions /Xj^^ . This Section is 
devoted to do this construction. 



Lemma 4.1. For any integer / G N there exist smooth functions /Xg : X — >■ M and 
$e : K ^R^-\ such that 

II f^e\\L°-{K) + \\dafJ'e\\L^{K) + Pi f^e\\L°-{K) < C (4.4) 

II ^ellL-(i^) + \\da^e\\L^{K) + ll^^e ||L-(i^) < C (4.5) 

for some positive constant C , independent of e. In particular, we have 

IIMe -AtollL-'(E-) -^ 0, \\^e-^o\\L^{K)^^ (4-6) 

where jiq is the function defined explicitly as 

!^N iN\dlWQ\'^ 
My) = —^r 2 [2^aa(y) + ^u(y)] • 

By assumption (1.13), it turns out that the function ^q is strictly positive along K . More- 
over <l>o is a smooth function along K with values in M^"^. Furthermore there exists a 
positive function M^/+i^£ : K^ x M^ — ;• M such that 



dv 



on 



il 



with 
and 



\\Wi+i,e - Wo\\e,N-A,. < Ce^+i (4.7) 



£i+iJs,N-2,a < Ce^"-^ . (4.8) 



The rest of this Section is devoted to do this construction. 
• Construction of wi,s '• Using Lemma 3.2, we formally have 

+ e^o [Haad^r^VUo - 2e.NHijdfjWo - fJ.o{y) Wo] 
+ £l,e + Q£{wi,e), 

where £i^s is a sum of functions of the form 

and a(ez) is a smooth function uniformly bounded, together with its derivatives, as e — t- 0, 
while the function b is such that 

sup(i + i^r-2)i&(e)i<oo. 
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The term Q^{wi^£) is quadratic in wi,£, in fact it is explicitly given by 

{wq + Wief -W^- Vwl~ Wi^e- 

Observe now that the term of order (in the power expansion in e) vanishes because of 
the equation satisfied by wq. In order to make the coefficient of e vanish, wi^e i^iust satisfy 
the following equation 

on{e^ = 0}, ^ ■ ^ 

where 




9iA^z,C) = -no{y) 



Haad^r^Wo + 2^NHijdfjWQ - ^lQ{y) Wq 



(4.10) 



Using Lemma 3.3, we see that equation (4.9) is solvable if and only if the right-hand side 
is orthogonal, for each y & K^to the functions Zj, for j = 0, . . . , A^ — 1, namely if and only 

'^0 



if the L^ product of the right-hand side against Zj for j = 0,l,...,A^ — 1 vanishes. The 



projection onto Zi for i = l,...,A^— lis clearly satisfied since both d^WQ and df.wo are 
even in ^, while the Zj's are odd in ^ for every i. It remains to compute the L^ product 
of the right-hand side against Zq. We claim that 

/ {H^adNWo - 2H,j^N dfjwo) Zo = % H^a - "^iHii (4.11) 

where 2to and 2ti are the constants defined by 

If N — 2 I' 2^^ 

210 = :./ iN\Vwo\^-—— eJV<-^ (4.12) 

2 Jrn 2N J^n 

2li = / ^N\diwo\^ > 0. (4.13) 

Furthermore, we have 

woZo = - [ wl (4.14) 

Indeed, since {d^w^)\f^=i = —Zq, we have that 
wqZo = - I woidf,w^)i^=i 

|m=1 \ ^+ / |;,=1 

We postpone the proof of (4.11). We turn now to the solvability in wi^s- Assuming the 
quantity on the right hand side of (4.11) is negative, we define 

my) ■■= f — 2 • (4-15) 

With this choice for /io, the integral of the right hand side in (4.9) against Zq vanishes on K 
and this implies the existence of wi^e, thanks to Lemma 3.3. Moreover, it is straightforward 
to check that 

||5'l,e||£,Af-2,cr < C 



N 
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for some a G (0, 1). Lemma 3.3 thus gives that 

\\Dl'Wi^e\\e,N~2,o- + \\D^Wi^e\\e,N~3,a + \\wi^e\\e,N-4,o- < Ce (4.16) 

and that there exists a positive constant /3 (depending only on il., K and A^) such that for 
any integer ^ there holds 

||vi^)^i,,(z, •)l|.,7V-2,a < PCie z G K, (4.17) 

where Ci depends only on /, p, K and fl. 

Proof of (4.11)-(4.12)-(4.13). 

We first compute Jj^jv wod]\fWo. To do so, for any /i > we denote by w^ the scaled 
function 

Since {d^w^)\ ^^ = —Zq^ a direct differentiation and integration by parts gives that 



ZqOnwq = du 



1 



S.nI'^w. 



N -2 



Now changing variables ^ i— )■ /i^ an direct computation gives 



^NWf, 



2N 
N-2 



Im=i 



1 

2 .IviN 



CM^w^l 



N -2 
2N 



^NWf, 



2N 
N-2 



A^ 



1 

2 ./roiv 



CM'^Wq 



N-2 
2N 



CnWq 



2N 
N-2 



from which (4.12) follows. Next, we compute —2 J^n S,NdfjWoZQ. By symmetry we have 
that 2/jgiv ^NdfjWoZo = if i / j. Assume then that i = j is fixed and integrations by 
parts, a direct differentiation yields 



-2 / ^NdfiWoZo = 2 / ^NdiWodiZo = -d^ 

jJV 



iN\diw^\ 



Im= 



and also 



^N\diWfj,\'^ = fi I S,N\diWo\^. 



The above facts give the validity of (4.11). Now we claim that 2to = 22li. Indeed 

Jm^ Jr^ Jr^ 

= I CMOnwoI^ + {N - 1) [ ^Mdiwol^ 

Jr^ Jr^ 

= (N + l) [ ^Mdiwol^ = {N + mi. 

Jr^ 

Here we used the fact that 



^N\dNWo\' 



2 I ^N\diWo\ 
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Since 



/ ^MdNWol'^ = al, i% 



Cn 



(1 + ICPr 






and 



Jr'7 Jr'7 



{N-1)U{1 + \C\^)^-^ 



2 1,, 6 



2\N 

1 C . . ^ f 1 



(1 + l^p) 



-"^2(iv^l.^^^^^^(rTM^^^- 



2 J^ / '?Af 



On the other hand 



2N 1 /■ 2JV 



1 /■ 2Ar 2 f^^ 

— AuiQ 



Af-2 






Now we use the fact that 



/ ^N^NWodlfj^Wo = -2 / £.NONWodNWo - / £,%d%}sfWodNWo 

which imphes that 

/ ^N^^NWodjfj^Wo = - ^NdNWodNWo = -22ti. 

Jr'7 JRf 
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Now integrating first in ^i and then in ^^r yields 

t2 Q „„ q2 „,, _ / t2 q2 



/:= 



^NdNWodnWo 



.JV 

diWodNiClfdiWo) 



/ diwo ( 
22li - 1. 



This imphes that 
I = 2li and 

We deduce that 

Hence 

2to 



eNdNWodfiWo = (iV - 1) / el/9iv«^o9?iw;o = (N - 1)^1. 



iV 



iV-2 



221, + (AT -1)21,1=^^^1^^21,. 



N -2 



2 Jm^ 

Af + 1 



■?Ar|Vwo 



N -2 



2N 
,N-2 



2li 



2iV 
(iV-2) iV(iV-3) 



2li = 22ti. 



2 2A^ N-2 

This proves the claim. In particular Equation (4.15) can be written as 

I \ or [2 ^aa — Ha] [2 Haa + Ha] 

My) ■= 2ii — -r — 9 — = 2ll 



/r^'^0 



/m^'^o 



(4.18) 



• Construction of W2,e '• We take I = 2, fi^ = fiQ + //i^^, $e = <I>i^£ and W2,£(-2j0 = 
f^o iO + ^i,e (-2,0 + w^2,£ (-2^)?)' where /^o and wi^^ have already been constructed in the 
previous step. Computing S{W2,e) (see (3.18)) we get 

- Aw2,e + eMo^2,£ - PW^~ W2,e = £g2,e + S-2,e + Qe{w2,e)- 

In (4.19) the function g2^e is given by 



ff2,e = ^l,e(y) 

+ /^o(y) 



Haad^j^Wo + 2^NHijdfjWo - 2fIoWo 



Haad^j^Wi^e + 2^NHijdfjWi^, 



+ £&2,e{^,Z,Wo,Ho) 



(4.19) 



+ e^ /io ^mssi ^r;, djwo + e^uo (^i^maaj " r:^(S„)r^(^j) j $™ 9jl(;o. 



(4.20) 
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In (4.20) ©2,e(C) -2) WQjWi^e? fJ'o) is the sum of functions of the form 

Q(Ato, dafio, dlfio)a{ez)b{^) 

where Q denotes a quadratic function of its arguments, a(ez) is a smooth function uni- 
formly bounded, together with its derivatives, in e as e — t- 0, while the function b is such 
that 

sup(i + ier^2)iKe)i<oo. 

In (4.19) the term £2.6 can be described as the sum of functions of the form 

{eC{fii,'^i) + Q{fxi,<^i))aiez)b{0 

where (/xi, $1) = (/ii,e, ^a/^i.e, 5^Aii^£, $i,e, da^i,e, c^a*^i,e)) ^ denotes a linear function of its 
arguments, Q denotes a quadratic function of its arguments, a{ez) is a smooth uniformly 
bounded function, together with its derivatives, in e as e — >■ 0, while the function b is such 
that 

sup(l + |er-2)|6(OI<oo. 

Finally the term Qe{w2,e) is a sum of quadratic terms in W2,e like 

{wq + Wi,e + W2,eY " (""^O + Wl.ef " P(''^0 + '^^l,e)^~"^^^2,£ 

and linear terms in W2^e multiplied by a term of order e^, like 
We will choose W2,e to satisfy the following equation 



-Aw2,e-Pw1^ W2,e+£P'lw2,e = £92,e, On M^ 






0, 



on {^N = 0}. 



(4.21) 



Again by Lemma 3.3, the above equation is solvable if and only if (72. e is -L^-orthogonal 
to Zj, j = 0, 1, • • • , A^ — 1. These orthogonality conditions will define the parameters /xi ^ 
and the normal section <I*i,e. 
o Projection onto Zq and choice of /ii,e: Recalling that by definition of /io one has 



/ 



Haad^j^wo + 2^NHijdfjWo - Aio(y) Wo 



ZodC = 



and using the fact that wq is an even function in ^, we have 



g2,eZo 



f^o 



Haad^j^Wi^e + 2^NHijdfjWi 



Zodi 



/^oA^i 






We define /ii^^ to make the above quantity zero. The above relation defines ni^g as a 
smooth function oi y in K. From estimates (4.16) for wi^s we get that 

ll/^l,e||L°°(E') + \\dafJ'l,£\\L-^{K) + Pa/^l,e IIl^^CJ^") < C'ff. (4.22) 
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o Projection onto Zi and choice of ^i.^: Multiplying g2.s with diw^, integrating over 
Wl and using the fact wq is even in the variable ^, one obtains 



(e/^o) ^ / 92,ediWo 



-dl^<^\^ / djWodiWo+ / <32,ediWo 

;j Rmijs / iCm^le + 6^^) dfjWodiWo 
-3 Jr^ 



+ 



- Rmssj ^T,e + ( -^maai " '^'aiEm)Tc{Ej) ] ^"^ 



(4.23) 

djWodiWQ. 



First of all, observe that by oddness in ^ we have that 
djWodiWQ = 5ij Co with Co := 



\diWo\ 



On the other hand the integral J^n £,m dfjWodiWo is non-zero only if, either i = j and 



m = I, or i = I and j = m, or i = m and j = I. In the latter case we have Rmijs 







(by the antisymmetry of the curvature tensor in the first two indices). Therefore, the first 
term of the second line of the above formula becomes simply 

- Rmijs I ^m^le^lwodiWo = - V -R/iis^l.e / ^idlWodfiWodC 

3 Jrn 3 ^-^ J^N 

+ I + 

Observe that, integrating by parts, when / 7^ i (otherwise Rius = 0) there holds 

iidiwodfiWodi = - CidiWodfiWod^. 



Hence, still by the antisymmetry of the curvature tensor we are left with 

2 
~3 



S^Rijjs'^le / ijdiWodfjWQdi. 



The last integral can be computed with a further integration by parts and is equal to 
— ^Co, so we get 



-Co 22^in^'^te- 



In a similar way (permuting the indices s and m in the above argument), one obtains 



Rsijm / 6^™ df^WodlWo = - Co V Rijjm^Ts- 

Jr^ ' 3 ^ 



Collecting the above computations, it holds 

-- Rmijs I iU^l e + Cs^Te) dfjWodiWo + - Rmssj ^Te [ C)jWo diVjQ = 0. 

3 Jrn 3 ' J^N 
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Hence Formula (4.23) becomes simply 

g2.e dlWo = -e/iO Co dl ^l, + e/io Co ( R„^aal - K{Em)K{Ei)) <^T,e + ^ [ ^2,e dlWQ. 

We then conclude that g2,e{z-, Ci '^O) ■ ■ ■ ■, ^'i,e)) the right-hand side of (4.21), is L^-orthogonal 
to Z; (? = !,••• , A^ — 1) if and only if <l>i^j satisfies an equation of the form 

dla ^ie - {Rmaal " Tl{Em)Tl{Ei)^ ^^^ = G2,,(ez), (4.24) 

for some expression G2.e smooth on its argument. Observe that the operator acting on 
$i.e in the left hand side is nothing but the Jacobi operator, see (2.19), which is invertible 
by the non-degeneracy condition on K. This implies the solvability of the above equation 
in $i,£. 

Furthermore, equation (4.40) defines $i^e as a smooth function on K, of order e, more 
precisely we have 

\\^iA\l^{K) + \\da^lA\L'^(K) + \\dl^lA\L'^{K) < C (4.25) 

By our choice of fii^s and $i^e we have solvability of equation (4.21) in W2,e- Moreover, 
it is straightforward to check that 



3 

£2 



3 



Furthermore, for a given a £ (0, 1) we have 

\\eg2,e\\e,N-2,a < Ce^ . 

Lemma 3.3 gives then that 

\\D'^'W2,e\\s,N-2,o- + \\D^W2,s\\e,N-3,o- + \\w2,e\\e,N-4.,a < Ce^ (4.26) 

and that there exists a positive constant /3 (depending only on Q, K and n) such that for 
any integer (. there holds 

\\V^^W2,e{z, ■)\\e,N-2,a < f^Qsl Z £ K, (4.27) 

where C; depends only on /, p, K and il. 

• Expansion at an arbitrary order: We take now an arbitrary integer /. Let 

^e := /J,o + /Ui,e H h Ai/-1,£ + Ai/,e, (4.28) 

$ = ^i,e + • • • + ^/-i,e + $/,e (4.29) 

and 

Wi+i^e = MO + Wi^eiz, e) + • • • + W/,e(2, C) + W^/+l,e(2, (4-30) 

where /.io, Mi,e, • • • , M/-i,e, '5i,e, • • • , ^i-i,e and wi,e, .. , wj^e have already been constructed 
following an iterative scheme, as described in the previous steps of the construction. 
Li particular one has, for any i = 1, ...,/— 1 

\\^^^,e\\L^{K) + \\'^a^J'i,e\\L^{K) + \\^a^^^,e\\L°°{K) < Ce +^" (4-31) 

\\^i,e\\L^{K) + \\da^iA\L^{K) + \\dl^iA\L^(K) < Ce"^ (4.32) 
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and, for now i = 0, ...,/— 1, 



\D^Wi+i^s\\e,N-2,a + \\DiWi+l,e\\£,N-3,a + \\Wi+l^£\\e,N-4,a < Ce +2 



and, for any integer 



|vW^i+i,,(z,-)IU,7V-2,a</3Qei+i 



z^K, 



(4.33) 



(4.34) 



The new triplet {^i^e^^i,£^wij^i^e) will be found reasoning as in the construction of the 
triplet (/ii,£,$i,£,i(;2,e). Computing S{WiJ^i^e) (see (3.18)) we get 



In (4.19) the function gi+i^e is given by 



(4.35) 



ff-f+i,- 



fj'iAv) 



Aio(y) 



Haad^j^Wo + 2S,NHijdfjWo - 2fIoWo 



Haad(N^I,e + '^S.NHijdfjWi^, 



- e//o 9i$i_, djwo - I /io ^mii/ (U^/,, + Ci^Z) df.wo (4.36) 

+ ^ e/iO i?m.si ^"e 9j«^o + AiOe f i?maai " r:^(E™)r:?(Sj) j ^7^, djWo. 

In (4.36) ©/+i.e(^,z, ) is a smooth function with 

||6/+i,,||,,7V-2,<x < Ce^+i (4.37) 

In (4.35) the term <?/+i,e can be described as the sum of functions of the form 

{eC{fii,<^i) + Q{fxi,<^i))a{ez)biC) 

where i^ii,^i) = {nI^e,^a^J-I,e,^a^J'I,e,^I,e,^a^I,e,^l^I^e), ^ denotes a linear function of 
its arguments, Q denotes a quadratic function of its arguments, a{ez) is a smooth function 
uniformly bounded, together with its derivatives, in e as e — )■ 0, while the function b is 
such that 

sup(i + ier-')|fc(6i<oo. 

Finally the term Q^{wi^i^s) is a sum of quadratic terms in w/+i,£ like 

{wo + Wi^s + ■ ■ ■ + Wl+i^eY - {wo + Wi^s + ■ ■ ■ + Wl+l,eT - Piwo + Wi^e + ■ ■ ■ + Wl^eY'^Wl+i^e 

and linear terms in if^/+i,e multiplied by a term of order e^, like 

p (^{wo + wi^s)^~^ - w^'j Wl+l,e- 
We define wj+i^s to satisfy the following equation 






0, 



onM^ 

on {^N = 0}. 



(4.38) 
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Again by Lemma 3.3, the above equation is solvable if and only if (?/+i,e is L^-orthogonal 
to Zj, j = 0,1,- ■ ■ ,N — 1. These orthogonality conditions will define the parameters /i/^^ 
and the normal section <!>/,£. 
o Projection onto Zq and choice of /x/.^: Thanks to the definition of fiQ one has 



9i+i,eZo — fJ-o 



Haad^r^Wi^e + '^^NHijdfjWi^e 



Zod^ 



^Zod^ + e [ (5i+i4C,z)ZodC. 



We define /i/^^ to make the above quantity zero. The above relation defines fi[^s as a 
smooth function of ez in K. From estimates (4.33) for wj^s we get that 

\\lJ'I,e\\L°°{K) + \\datJ'I,s\\L°°{K) + \\9alJ'I,e\\L°°{K) <Ce ^~ . (4.39) 

[> Projection onto Zi and choice of $/,e: Multiplying g/+i.e with diWQ^ integrating 
over Wl and arguing as in the construction of ^i,£, we get 

/ 57+1,, dlWo = -Eflo dl^ $^_, + e/io (Rmaal " Tl{E^)T''^{Ei)] $?, + £/ 6/+1,, dlWo. 

We then conclude that g2,e{z^ C, wq, . . . , wj^e)-, the right-hand side of (4.38), is L^-orthogonal 
to Z; (/ = 1, • • • , A^ — 1) if and only if $/,£ satisfies an equation of the form 

dla ^/,e - {Rr,^aal " Tl{Ern)Tl{Ei)^ $- = G,+i,,(ez), (4.40) 

where Gz+i,, is a smooth function on K. Using again the non-degeneracy condition on K 
we have solvability of the above equation in <&/,£. Furthermore, taking into account (4.37), 
we get 

\\^iAl^{k) + \\da^lA\L^{K) + \\dl^iA\L^(K) < Ce^+^ . (4.41) 

By our choice of m+i,e and ^i+i,e we have solvability of equation (4.38) in wj+i^g. 
Moreover, it is straightforward to check that 



\£9i+i,e{£z,0\ < C-, 



e^+i 



(1 + 1^1)^^-2- 
Furthermore, for a given a £ (0, 1) we have 

14-- 

\\egi+l^e\\e,N-2,a <Ce~^2. 
Lemma 3.3 gives then that 

\\DJwi+lA\£^N-2,(7 + \\D^Wl+lA\£^N-3,a + || W^/+l,e ||£,Ar-4,<T < Ce^^2 (4.42) 

and that there exists a positive constant /3 (depending only on i}, K and n) such that for 
any integer (. there holds 

||VWl(;/+l,,(z, ■)\\e,N-2,a < PCiE^^'^ z G K,. (4.43) 

This concludes our construction and have the validity of Lemma 4. 1 . 
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5. A GLOBAL APPROXIMATION AND EXPANSION OF A QUADRATIC FUNCTIONAL 

Let Heiy)^ ^eiy) and Wj^i^^ be the functions whose existence and properties have been 
estabhshed in Lemma 4.1. We define locally around K;. := — C d^g in fig the function 

iV-2 

Ve{z,X) := fie ' (ez) VF,+i,, {z, fi-\ez){X - c&,(ez)), fi-\ez)XN) x 

yiXe{\{X-^e{ez),XN)\) (5.1) 

where z £ K^. In (5.1) the function Xe is a smooth cut-off function with 

r 1, for re [0,2e^i'] 
Xe(r) = <^ (5.2) 

[ 0, for re [3e"T,4e-^], 

and 

IxFHOI < C'/e'^, for all />1, 

for some 7 € (^, 1) to be fixed later. 

The function V^ is well defined in a small neighborhood of K^ inside 0^. We will look 
at a solution to (1-14) of the form 

This translates into the fact that <j) has to satisfy the non linear problem 

'-A</. + ecP- pVr^ct) = Se{Ve) + Ne{4>) in 0„ 
§^ = on d^e. (5.3) 

(t!) > in Op 



'■£) 



where 

and 

Define 



Se{Ve) = IWe-eVe + Vi (5.4) 

iV,(</>) = (K + c/-)^ - V;P - p^r V- (5.5) 



Le(0) = -A<^ + e0-py/-V. 

Our strategy consists in solving the Non-Linear Problem (5.3) using a fixed point argu- 
ment based on the contraction Mapping Principle. To do so, we need to establish some 
invertibility properties of the linear problem 

Ls{(t)) = f in n^, -- = on dQe, 

with / G L^(rie). We do this in two steps. First we study the above problem in a strip 
close to the scaled manifold K^ = — in d^s- Then we establish a complete theory for the 
problem in the whole domain Q^: this is done in Section 7. 

Let 7 S (2) 1) be the number fixed before in (5.2) and consider 

n^^y := {xGn^ : dist{x,Ks) < 2e-^}. (5.6) 
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We are first interested in solving the following problem: given / G L'^{^e,'y) 

-Acp + £(/)— pV^~ 4> = f ill ^£,7) 

g = ond^e^^en. (5-7) 

(/) = in d^e,'y \ dfls- 

Observe that in the region we are considering the function V^ is nothing but V^ = 
77i^,<i>£(VF/+i,e), where Wi-\-i^£ is the function whose existence and properties are proven 
in Lemma 4.1. For the argument in this part of our proof it is enough to take / = 3, and 
for simplicity of notation we will denote by w the function Wj+i^e with / = 3. Referring 
to (4.3) we have 

4 

w{z,0 = MC) + ^m,eiz:C) (5.8) 

i=l 

where wo is defined by (3.2) and 

\\DJwi+i^s\\e,N-2,a + \\D^Wi+i^e\\e,N~3,o- + \\Wi+i^s\\e,N-i,o- < Ce^+2 (5.9) 

and, for any integer i 

||VW«;i+l,,(z, ■)\\e,N^2,a < PQe^^^ Z € K, 

for any i = 0, 1, 2, 3. 

We will establish a resolubility theory for Problem (5.7) in Section 6. For the moment, 
we devote the rest of this Section to expand the quadratic functional associated to (5.7). 

Define 

Hi = {u£H^{ne,y) ■■ u{x) = for x£dns,y\dne} (5.10) 

and the quadratic functional given by 






1j,2n 



(5.11) 



for functions (^ G H\. 

Let {z^X) e ]R*^+'^ be the local coordinates along i^^ introduced in (3.4), with abuse of 
notation we will denote 

(/>(T,(z,X)) = 0(z,X). (5.12) 

Since the original variable i^z^X) G M^"*^^ (see (3.4)) are only local coordinates along 
K^ we let the variable (z, X) vary in the set C^ defined by 

Ce = {(z,X,XAr) /ezG K, 0<X7v<e"^, |X| < e"^}. (5.13) 

We write Cs = -K ^C^ where 

4 = {{X, Xn) l^<X^< e-\ \X\ < e-^}. (5.14) 

Observe that C^ approaches, as e — )■ 0, the half space M.^. 

In these new local coordinates, the energy density associated to the energy E in (5.11) 
is given by 



\/det(<7^), (5.15) 
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where V^e denotes the gradient in the new variables and where g^ is the flat metric in 
]^iv+fc jj^ ^Yie coordinates {z,X). 

Having the expansion of the metric coefficients, see Lemma 3.1, we are in a position to 
expand the energy (5.11) in the new variable {z,X). Precisely we have the following 

Lemma 5.1. Let {y,x) G R'"'"'"^ be the local coordinates along the submanifold K intro- 
duced in (2.7), let {z,X) he the expanded variables introduced in (5.12). Assume that 
(z,X) vary in Ce (see (5.13)). Then, the energy functional (5.11) in the new variables 
(5.12) is given by 

E{cP) = I ('^(|Vx</'|' + e</''-pl/rV))\/dit(^dz(iX 

+ / - Hij(ez, X) di(t>dj(t) y^det{g^) dz dX (5.16) 

+]- I d-a(t)da(t)^dei{g^)dzdX+ I B{(t),(t)) ^dei{g^)dzdX. 

In the above expression, we have 

Eij{ez,X) = leHijX^ — — RisijXiXs, (5-17) 

we denoted by B{(j).,(j)) a quadratic term in (j) that can be expressed in the following form 
B{(P,(P) = 0{e^Xl, + e^\X\^ + e^XN\X\'^ + e^X%\X\)di(l)djcl) 

+8"^ da(pda(l)0{e\X\) + dj(l)d-a(l) {0{e\X\ + £^X%)) . (5.18) 

and we used the Einstein convention over repeated indices. Furthermore we use the nota- 
tion da = dy^ and da = d^^ . 

Proof of Lemma 5.1. Our aim is to expand 

1 



2(|V,.0p + e02_pyj^-i^2) 



\/det((7=). 



For simplicity we will omit the e in the notation of g^ . Recalling our notation about 
repeated indices, we write |Vg(^|^ as 

\Vg(t>\^ = g''^da(t>dpct> 

= g^'^'dN^dN'P + g'''da(t>db4> + g''di(pdj(t> + 2g''ida(pdj4>, 

where (^"^ represent the coefficients of the inverse of the metric g"^ = (g'^s)- Using the 
expansion of the metric in Lemma 3.1, we see that 

\yg<P\^ = \dN(p\^ + |5i0|2 + {2eH,jXN - jRisi,XsXi)di^djcl) + O (e^X^ + e'\Xf) di<l)d,(t> 

+d-a(t)d-a4>{l + e\X\) + 0{£Xn + e^O{\X\''))da(t>di(l). 
This together with the expansion of \/(ietg given in Lemma 3.1, prove Lemma 5.1. D 



BUBBLING ON BOUNDARY SUBMANIFOLDS 

Given a function (/) € H^ (see (5.10)), we write it as 



S. ,„. ^^'d^ 
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/^e 



T^.,^AZo) + Yl —r^..MZj) + —T^^Mz) 



i=i 



/^e 



/^e 



Xe + ' 



(5.19) 



where the expression T^^^^^{v) is defined in (3.7), the functions Zq and Zj are already 
defined in (3.19) and where Z is the eigenfunction, with J^^ Z'^ = 1, corresponding to the 
unique positive eigenvalue Aq in L^(R^) of the problem 



mP-1 



A^n4> + pw^ (p = Xo4> in 



t,N 



(5.20) 



It is worth mentioning that Z{^) is even and it has exponential decay of order 0(e ^Aol^p 
at infinity. The function Xe is a smooth cut off function defined by 



XeiX) = Xe 



X -<^, 



Xn\ 



(5.21) 



with x{r) = 1 for r G (0, fe"'*^), and xi''') = for r > 26^"' . Finally, in (5.19) we have that 
5 = 5{£z), d^ = d^{£z) and e = e{ez) are function defined in K such that 

/ <i}^T^.,MZo)XedX = I (k^T^,MZ3)Xe = i <l)^T^.MZ)Xe = for ah z G K, 

(5.22) 
We will denote by (H^)-^ the subspace of the functions in H^ that satisfy the orthogonality 
conditions (5.22). 

A direct computation shows that 

S{ez) = ^^\%f'\ l + 0{e')) + 0{e'){Y: d\ez) + e{ez)), 



and 



z) = l^^^J^^f^il + 0(^2)) + Oie'^Mez) + J^ d'iez) + e{ez)), 
e(e^) = MifiL||^(i + o(,2)) + o{e^){5{ez) + J^ d^(ez)). 



Observe that, since G if^, one easily get that the functions 5, d^ and e belong to the 
Hilbert space 



n\K) = {C G £2(10 : daQ G £2(i^), a = 1, • • • , A:}. 



(5.23) 



Thanks to the above decomposition (5.19), we have the validity of the following expan- 
sion for E[(f)). 

Theorem 2. Let 7=1 — 0", for some o" > and small. Assum,e we write (p G H^ as in 
(5.19) and let d = (d^, . . . , d ). Then, there exists Eq > such that, for all < e < Eq, 
the following expansion holds true 

E{4>) = E{^^) + e-'' [Ps{5) + Qe{d) + Rs{e)] + M{^^,S, d, e). (5.24) 
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In (5.24) 
with 



P{6) 



Pe{5) = Pi6) + Pi{6) 



e'\da{5il + o{e^)l3l{y)))\'' + e 



B 



IK ^ JK 



(5.25) 



(5.26) 



with As a real number such that lime_s.o^e = A := J^n Zq, B = — J^n wqZq > and 
Pf is an explicit smooth function defined on K which is uniformly bounded as e ^ 0; 
furthermore, Pi{S) is a small compact perturbation in T-L^{K) whose shape is a sum of 
quadratic functional in 6 of the form 



e^ I b{y)\6\' 
Ik 

where b{y) denotes a generic explicit function, smooth and uniformly bounded, as e — >• 0, 

inK. In (5.24), 

Qe{d) = Q{d) + Qi{d) (5.27) 

with 

Q{d) = ^Ce (j^ \da{d{l + 0(e2)/3|(y)))P + jj^Rmaal " K{E^)Tl{Ei))d^d^ (5.28) 

where Cg is a real number such that lim£_j.o C^ = C := J^n Z\, /Jf is an explicit smooth 
function defined on K which is uniformly bounded as e — ?■ and the terms Rmaai ^.^d 
r^(£'m) 11"^ smooth functions on K defined respectively in (2.6) and (2.2). Furthermore, 
Qi{d) is a small compact perturbation in 'H^{K) whose shape is a sum of quadratic func- 
tional in d of the form 

.3 



e" I b{y)d'd^ 
Ik 

where again b{y) is a generic explicit function, smooth and uniformly bounded, as e — )■ 0, 
inK. In (5.24), 

Re{e) = R{e) + Ri{e) (5.29) 



R{e) 



D, 



£ I 2 

e 



K 



|a,(e(l + e-^^~^/3|(y)))| 



with Ds a real number so that lim£_^.o D^ 



Ao / e- 

K 

D := Ljv Z'^, /Sg an explicit .smooth function 



(5.30) 



in K , which is uniformly bounded as e — t- 0, and Aq the positive number defined in (5.20). 
Furthermore, Ri is a small compact perturbation in ^{^{K) whose shape is a sum of 
quadratic functional in e of the form 

e^ I b{y)e^ 

JK 
where again b[y) is a generic explicit function, smooth and uniformly bounded, as e — t- 0, 
in K . Finally in (5.24) 

M : {HD^ X {'H^{K))^+^ -^ M 

is a continuous and differentiable functional with respect to the natural topologies, homo- 
geneous of degree 2 

M {tcp-^ , t5, td, te) = t^M {(f)^ , 5, d, e) for all t. 
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The derivative of M with respect to each one of its variable is given by a small multiple 
of a linear operator in (0-*-, 5, d, e) and it satisfies 



^i^ -</'2"ll +^ ^¥l - ^2\\nHK) + ^ ''IMl -'^2||(^i(X))iv-i +e ^hi-e2\\HHK) 



Furthermore, there exists a constant C > such that 



M{4>^,6,d,e] 



< Ce^ 



|2^^-2fc 



mHK) 



+ W^Wn'^-iK) + ll^ll-HiCE-) 



(5.31) 
(5.32) 



We postpone the proof of Theorem 2 to Appendix 9. 

6. Solving a linear problem close to the manifold K 

In this Section we study the problem of finding (p G H^ (see (5.10)) solution to the linear 
problem (5.7) for a given / G L^(i7j^^), (see (5.6)), and we establish a-priori bounds for 
the solution. This section is devoted to prove this. The result is contained in the following 

Theorem 3. There exist a constant C > and a sequence £; = e — t- such that, for any 
f G L'^{Qir^^) there exists a solution (p G H^ to Problem (5.7) such that 

||<AllHi<Ce— (2''=)||/||^.(f,,,^). (6.1) 

The entire section is devoted to prove Theorem 3. 

Given (p G HliQ.^^^). As in (5.19), we have the following decomposition of cj) 

N-l 



We then define the energy functional associated to Problem (5.7) 



Xs + 



rl\J- 



1,'I^\\JV+1 



by 

£{^^,6,d,e)=EicP)-Cji<p) 

where E is the functional in (5.11) and Cf{<j)) is the linear operator given by 



Observe that 



(6.2) 



Cficp) = 4(0^) + e"' [C}{6) + 4(d) + Ctie) 
and Cj : {n^ 

CU<P^)= I f^^, e-'C}i5)= [ f—Tf,,^^^iZo)xe 



where £} : H^ -^ R, Cj, Cj : n^{K) -^ M and C) : {n^{K))^-^ -^ R with 



-/ 

Af-l 



e-^C%d)=Y,f f^T^^^^^{Z,)xe and e-'CJ{e) = [ f^T,,^^^{Z)xe. 

7 = 1 -'f1e,7 1^^ JQs,-y r''^ 
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Finding a solution (p € H^ to Problem (5.7) reduces to finding a critical point ((/> , 5, d, e) 
for 8. This will be done in several steps. 

Step 1. We claim that there exist o" > and Eq such that for all e G (0,eo) ^ind all 
(j)^ G {HD^ then 

E{<t>^)>aU^\\l,. (6.3) 



Using the local change of variables (3.4) and (5.12), together with the result of Lemma 
5.1, we see that, for sufficiently small e > 



E{ 



for any 



> \eo{<I^ 



with Eq{(I)^ 



|Vx.^^|'-pK"-V 



Vdet(g=) 



{ez,X), with z e Ke = \K. The set 4 is defined in (5.14) and the 



pAT 



as e 



0. 



function Ve is given by (5.1). We recall that Cg 
We will establish (6.3) showing that 

^o(</'^) >f^||</'^|li2 for all </.^. (6.4) 

To do so, we first observe that if we scale in the z-variable, defining ^ {y, X) = (f) {-,X), 
the relation (6.4) becomes 

Eo{^^)>a\\ip^\\l,. (6.5) 

Thus we are led to show the validity of (6.5). We argue by contradiction, we assume that 
there are sequences o",i < 0, e„ — )■ and (/?^ G (H^^)-^ such that 

Eo{ip^)<an\\ip^\\l,. (6.6) 

Without loss of generality we can assume that the sequence (||Vn ID" is bounded, as n — ;• 
oo. Assume then that also the sequence {crn)n is bounded as n — t- oo. Hence, up to 
subsequences, we have that 

(Tn^(T<0, ifn^if^ in H\KxR^) and ifn ^ ^^ in L'^{KxR^). 

Furthermore, using the estimate in (4.7) we get that 



sup 



(l + l^l 



\Ar-4 



e ^J'o{y) my) . 



0, 



as e — )• 0, where fiQ and ^q are the smooth explicit function defined in (4.6) and (4.15). 

Passing to the limit as n — )• oo in (6.6) and applying dominated convergence Theorem, 
we get 



/ 

JKxI 



N-2 



p-i 



{y)wo{ ^- — ,^T^)] (^ 



V. , dydX<0. (6.7) 

my) my) 

Furthermore, passing to the limit in the orthogonality condition we get, for any y £ K 

^Hy,x)M^^^, ^ux = 0, (6.8) 

my) my) 

^Hy,X)Z,i ''-^f\ ^JdX = 0, j = l,...N-l (6.9) 

my) my) 
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and 



/ 



v> [y,x)Z{ — — ,^--)dx = o. 

my) mv) 



(6.10) 



We thus get a contradiction with (6.7), since for any function c/? satisfying the orthogo- 
nahty conditions (6.8)~(6.10) for any y £ K one has 



Kxl 



\Vxv' 



P U^o 



^ ,x-My) Xm .Y \ ^,2 

(y)^o( — -777 — ,-^-t) (v? ) 



My) Vo(y) 



dydX > 



(see for instance [17, 45]). 

The case in which an — ?• —00 can be treated in the same way, reaching again the same 
contradiction. This concludes the proof of (6.3). 

Step 2. For all e > small, the functional Pe^d) defined in (5.25) is continuous and 
differentiable in 'H^{K); furthermore, it is strictly convex and bounded from below since 



Pe{S) > 



A 

—e 

2 JK 



JK ^ JK 



> ae' 



m^{K) 



(6.11) 



for some small but fixed o" > 0. A direct consequence of these properties is that 

6enHK)^Pei6)-/:}{6) 
has a unique minimum 6, and furthermore 



£ 2 



\h^{K) 



<Ce- 



L'^iQe.j) 



for a given positive constant C. 



Step 3. For all e > small, the functional Qs defined in (5.27) is a small perturbation in 
{H^{K)) of the quadratic form e'^Qo{d), defined by 

^2 



e'Qoid) = -C 



K 



\dad\^ + / {Rrnaal " rl{E^)r^,{Ei))d"'d' 
JK 



with C := J^N Zl and the terms Rmaai and r^(£'m) are smooth functions on K defined 

respectively in (2.6) and (2.2). Recall that the non-degeneracy assumption on the minimal 
submanifold K is equivalent to the invertibility of the operator Qo^d). Thus we conclude 
that there exist o" > such that, for all e > small, 

\Qo{d)\ > a||(i||2^i(^„^_i, for aU d G {'HHK)f-\ 

A consequence of these facts is that, for any / G L'^{Qir^^), / 7^ the functional 

d£{n\K))^^^ ^R, d^^Qe{d)-C){d) 
has a non trivial critical point d, with 

-2| 



S-t| 



\{HHK))f^ 



-1 < ae 



L^i^erf) 



for some proper a > 0. 
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Step 4. Let / G L^(J7£^^) and assume that e is a given (fixed) function in 'H^{K). We 
claim that for ah e > small enough, the functional Q : (H^)'^ x {T-L^{K))^ — )• R 

{<i)^,6,d)^8{^^,6,d,e) 

has a critical point (</)-'-, 5, d). Furthermore there exists a positive constant C, independent 
of e, such that 



k 

+ e 2 



<Ce-^ 



L2(Q,,^) 



■ e 2e e 



wiW 



. (6.12) 



W-W^iK) + ll"ll(Wi(A-))JV-i 

To prove the above assertion, we first consider the functional 

QQ{c^^,5,d)=G{cP^,5,d,e)-M{<l)^,5,d,e) 

where M is the functional that recollects all mixed terms, as defined in (5.24). A direct 
consequence of Step 1, Step 2 and Step 3 is that Qq has a critical point ((/>-'- = 0-'-(/), 5 = 
5{f), d = d{f)), namely the system 



D^-^}( 



e--2DsPe{5) = DsC}{6), e—^DdQeid) = DdC%d) 



is uniquely solvable in (H^) x {'H^{K)) and furthermore 

I k k 

for some constant C > 0, independent of e. 

If we now consider the complete functional Q, a critical point of Q shall satisfy the 
system 



DsPeiS) = DsC){5) + DsM{<P^,5,d,e) 
DdQeid) = DdCUd)+DdM{<P^,6,d,e). 



(6.13) 



On the other hand, as we have already observed in Theorem 2, we have 

ll^(</.^,M)-^('^^''5i'^i.e)-%x,M)-^('^^' '^2,^2,6)11 <Ce^x 

\\(pi - 4>2\\ +e~2||(5^ - 52||-^i(K) + £~^\\di - c?2||(^i(if))jv-i +e"2||ei - e2\\-H^K) ■ 

Thus the contraction mapping Theorem guarantees the existence of a unique solution 
{4>-'-,6,d) to (6.13) in the set 



Furthermore, the solution i 
smooth and non-local way. 



+ e-h 



\{'HHK))N 



-i<C 



L^in.^-y) +£ £ H|e||-Hi(ft') 



(/>-'-(/, e), 6 = 6{f,e) and d = d{f,e) depend on e in a 



Step 5. Given / G L'^{Q,s^y), we replace the critical point {(f)-^ = (^-'-(/, e),5 = 6{f,e),d = 
d{f, e)) of Q obtained in the previous step into the functional <?(</'"'", 6, d, e) thus getting a 
new functional depending only on e G '1-0'{K), that we denote by ^^(e), given by 

Fe{e) = e~'[Re{e) - CJie)] + Ei^^{e)) - e"'=£}(<A^(e)) + e~'[Pe{S{e)) " C}{6{e))] 
+ e~''[QMe))-C}idie))]+Mi4>^{e),6ie),die),e). 
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The rest of the proof is devoted to show that there exists a sequence e = e; — t- such that 

DeFe{e) = Q (6.14) 

is solvable. Using the fact that {(i)^,5,d) is a critical point for Q (see Step 4 for the 
definition), we have that 

DeFe{e) = e-''D,[Re{e)-C){e)]+D,M{4)^{e),~5{e),d{e),e). (6.15) 

Define 

Ce := e-''D,R,ie) + DeM{^^{e),S{e),d{e),e), (6.16) 

regarded as self adjoint in C'^{K). The work to solve the equation Df.Fe{e) = consists 
in showing the existence of a sequence £/ — t- such that lies suitably far away from the 
spectrum of Cg^ . 

We recall now that the map 

{(j)^ ,6,d,e)^ D^M {(j)^ , 6, d, e) 

is a linear operator in the variables 0"'", 5, d, while it is constant in e. This is contained in 
the result of Theorem 2. If we furthermore take into account that the terms cj) , 6 and d 
depend smoothly and in a non-local way through e, we conclude that, for any e G T-0'{K), 

Z)eA^(0^(e),5(e),(i(e),e)[e] =e^(^-3)e-^' / {er^^{e)dae + r^2{e)ef (6.17) 

Jk 

where r/i and t/2 are non local operators in e, that are bounded, as e — t- 0, on bounded 
sets of C'^{K). Thanks to the result contained in Theorem 2 and the above observation, 
we conclude that the quadratic from 

T,(e) := e-'^DeReieM + D,M{4>^{e),~5{e),d{e),e)[e] 

can be described as follows 

t,(e) = e'=T,(e) = Tl{e) -\Je^ + eT\{e) (6.18) 

Jk 

where 

TO(e) = e' / (1 + e^^^-'^^i(e)) \da (e(l + e-^"''/3|(y))) |' . (6.19) 

In the above expression Aq is the positive number defined by 

Ao = ( / ■Z'l) Ao, 

Tg(e) is a compact quadratic form in 'H^{K), /3^ is a smooth and bounded (as e — t- 0) 
function on K, given by (5.30). Finally, rji is a non local operator in e, which is uniformly 
bounded, as e — )• on bounded sets of C'^{K). 
Thus, for any e > 0, the eigenvalues of 

are given by a sequence Aj(e), characterized by the Courant-Fisher formulas 

Xj{e) = sup inf ^^ r, = inf sup -^^ — j. (6.20) 



dim(M)=j-ie&M^\{0} Jj^e dim{M)=j ee]\I\{0} Jj 



K^ 
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The proof of Theorem 3 and of the inequahty (6.1) wih follow then from Step 4 and 
formula (6.12), together with the validity of the following 

Lemma 6.1. There exist a sequence £/ — )• and a constant c > such that, for all j, we 
have 

|A,(e/)|>cef. (6.21) 

The proof of this Lemma follows closely the proof of a related result established in [15], 
but we reproduce it for completeness. We shall thus devote the rest of this section to 
prove Lemma 6.1. 

We can S,(e) = pH. 

For notational convenience, we let a = e'^. We are thus interested in studying the 
eigenvalue problem 

Ca7] = ^r], ilCin\K). (6.22) 

With this notation and using (6.18) and (6.19) together with the fact that 7(A'' — 3) > 2 
we have that 

^ , , <y /a-(1 + o(^)m(e)) \da (e(l + o(a)/3f (y)))|^ Ti(e) 

where o{a) — )■ as o" — )• 0. 

We claim that there exists a number 5 > such that for any (72 > and for any j > 1 
such that 

0-2 + |Aj(cr2)| < 5 

and any ai with ^ < ai < a2, we have that 

Xj{ai) < X,{a2). (6.23) 

To prove the above assertion, we start observing that, since /Sg is an explicit, smooth 
and bounded (as a — )• 0) function on K, as given by (5.30) and since r]i is a non local 
operator in e, which is uniformly bounded, as cr — t- on bounded sets of C'^{K), we have 
that 

^.^^ jK{l + o{cT)Vi{e))\d.{e{l + o{a)f3Uy)))\' ^ J^ |g„ep ^^ ^^^ 



-^0 /^e2 /j 



K 



e^ 



and 

lim V^^^ = (6.25) 



a->0 /j 



K 



e^ 



uniformly for any e. 

Consider now two numbers < o"! < (72. Then for any e with J„ e^ = 1, we have that 

a^^^^,{e)-a^'j:^,{e) = -X,^^^ + a^'T'i^ie) - a^'Tl^{e) 

+ af^Tl^{e)-a;'^Tl^ie). 

A consequence of (6.24) and (6.25) is that there exists a real number a* > such that, 
for all o"! < (72 < o'* 

|ar^T0^(e)-ar^T0^(e)|<c(a2-cTi) 
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and 



a;^^ Tl^ie) - aj Tl^ie) 



<c- 



(72 - CTi 



^/oTa^{ai + 0-2) 

for some constant c, and uniformly for any e with /^ e^ = 1. Thus we have that, for some 
7_, 7+ > 



O-^ Sai(e) + (<T2 -CJl)— ^ < 0-2 S^a (c) < CTi S^j (c) + (a2 - (Ti) 



27+ 



2cr, 



crt 



'2 ""l 

for any ai < a2 < cr* and any e with /^ e^ = 1. Thus in particular we get that, there 
exists a* such that for all < o"! < (72 < o"* and for all j > 1 



(0-2 - 0-1)7-^ < (72 Aj(0-2) - 0-f Aj(cri) < 2(0-2 - (^l)^- 



(T^ 



From (6.26) it follows directly that, for all j > 1, the function a G (0, cr* 
continuous. If we now assume that o"i > ^, formula (6.26) gives 



\j{ai) < Aj(o-2) + 



(7i - 0"2 
0-2 



Aj(cr2)+7 



(72 



(6.26) 
Aj((t) is 



(6.27) 



for some 7 > 0. This gives the proof of (6.23). 



We will find a sequence ai € (2 ('+^), 2 ) for / large as in the statement of the Lemma. 
Define 

L = {(7 G (2-('+i),2-') : kerC, / {0}}. 

If (7 G L then for all j, then Aj((7) = 0. Choosing / sufficiently large, the continuity of the 
function a — )• \j{cr) together with (6.23) imply that Aj(2~"^^') < 0. In other words, for 
all I sufficienlty large 

card(L) < iV(2^('+^)) (6.28) 

where N{a) denotes the number of negative eigenvalues of problem (6.22). We next 
estimate N{a), for small values of a. To do so, let a > be a positive constant such that 
a > Xq and consider the operator 

£+ = -Ak - -. (6.29) 

a 

We call A^((7) its eigenvalues. Courant-Fisher characterization of eigenvalues gives that 
Aj(o") < A^((j) for all j and for all a small. Thus N{a) < N^{a), where N^{a) is the 
number of negative eigenvalues of (6.29). 

Denote now by Hj the eigenvalues of —Ak (ordered to be non-decreasing in j and 
counted with their multiplicity). Weyl's asymptotic formula (see for instance [11]) states 
that 

fij = CkJ fe + o{j fc ) as i -> 00 

for some positive constant Ck depending only on the dimension k of K. Since X^ = jij — ^, 
we get 

fc k 

Nj^{a) = Ca~2 + o((t"2 ) as cr -)■ 0. 
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This fact, together with (6.28), give card(L) < (72 2. Hence there exist an interval 

{ai,bi) C (2-('+i),2-') such that a/, bi £ U, and ah a G (a;, 6/) with Ker £^ / {0} 
so that 

a;> _ :,^ , >C2-'(^+t). (6.30) 



— — - . We will show that this is a sequence that verifies the statement of Lemma 



card(L/) 

Let ai = ^' 

6.1 and the corresponding estimate (6.21). By contradiction, assume that for some j we 

have 

\Xjim)\<Sa} (6.31) 

k 

for some arbitrary 6 > small. Assume first that < Xj{ai) < 6a j^ . Then from (6.27) we 
get 



Aj(ai) < Xj{ai) 
and using (6.30)-(6.31) we get to 



o"; - ai 



>'j{<^i) +7 



2ai 



Xj{ai) <5al -C 



2-Ki+l) 



2ai 



\j{cJl) + 



2ai 



<0, 



having chosen 6 small. From this is follows that Aj((t) must vanish at some a E {ai,bi), 
but this is in contradiction with the choice of the interval (a^, bi). 

k 

The case —Sa^ < Xj{ai) < can be treated in a very similar way. 
This concludes the proof of Lemma 6.1. 

7. Proof of the Result 
In this section, we show the existence of a solution to Problem (1.14) of the form 

Ve = Ve + (l) 

where Vs is defined in (5.1). As already observed at the end of Section 4, this reduces to 
find a solution 6 to 



,p-i 



-Ac/) + e^- pVr (l> = SeiVe) + N, 

du —^ 

(*>0 



where ^^(V^) is defined in (5.4), and Ns{(j)) in (5.5). 
Given the result of Lemma 4.1, a first fact is that 



in Qs, 
on 50e, 
in Qs, 



(7.1) 



i+i 



(7.2) 



\\Se(.Ve)\\L2^n,)<Ce'+- 

as a direct consequence of estimate (4.8). 

Define L^cj) := —A(j) -\- ecj) — pVi~ (p. We claim that there exist a sequence e; — )• 
and a positive constant C > 0, such that, for any / G L^(Oej), there exists a solution 
(j) E H^{^ei) to the equation 
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Furthermore, 

ll'AllHi(c.,)<Cer"'^^'''^ll/llL^(f7.,)- (7.3) 

We postpone for the moment the proof of this fact and we assume its vahdity. For 
simphcity of notations we omit the dependance of e on / setting ei = e. Thus € H'^{Q.£) 
is a solution to (7.1) if and only if 

(p = L~\Se{Ve) + N,m . 

Notice that 

fll'/'l^m^o^ forp<2, 



and 



|iV,(<Al)-iV.(</)2)||L2(^^) 

< ^ I (II'AiIIhhq,) + U^Wmln.)) Il-^i - MHHn,) for p<2, ^ ^^^^^ 

'" HllifMn,) + \\(t>2\\m{Q,)) ll<^i - </'2||i/i(n,) for p > 2 



for any (j)i, <l)2 in H^{^e) with ||(/'i||//i(n^), \\cl>2\\m{n,) < 1- 
Defining T^ : iJ^^e) ^ ^H^^e) as 

we will show that T^ is a contraction in some small ball in H^{Qi;). A direct consequence 
of (7.2), (7.4), (7.5) and (7.3), is that 

l^.f(/>)||mro_^<Ce-"^^^^2,fc} _ 

for p > 2. 



H'^i^el — ~ ~ \ I l_|_£ii , II j|i2 




Now we choose integers d and / so that 

f "^^^i^'fej for < 2 

d> I P^^ ^- ' />d- l + max{2,A:}. 

I max{2, k} for p > 2 

Thus one easily gets that T^ has a unique fixed point in set 

as a direct application of the contraction mapping Theorem. This concludes the proof of 
Theorem 1. 

We next prove the assertion previously made: we recall it. We claim that there exist a 
sequence £; — )■ and a positive constant u > 0, such that, for any / G L'^iQ.^^), there exists 
a solution G H^{Vl£^) to -^£;0 = / in Ogj, with ^^ = on Sfigj, furthermore estimate 
(7.3) holds true. 

By contradiction, assume that for all e — )■ there exists a solution ((/>£, A^), (pe 7^ 0, to 
L,{(t)e):=^(t)e-e(t>e+pVr^(t>e = \e(t>e m ^e, ^ = on 3^^ (7.6) 
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with 

|^^|g-max{2,fc}^Q^ as £^0. (7.7) 

Let rj^ be a smooth cut off function (like the one defined in (5.2)) so that 77^ = 1 if dist 
{y, Kfr) < ^2" and % = if dist {y, Kgr) > e~^ . In particular one has that | V^l < ce^ and 
l^'Vel < ce^'*', in the whole domain. 
Define (f)^ = (peVe- Then (pi; solves 



/■ 



£.7 



Leicpe) = XeCpe - V'qeVcpe - ^^(pe in U 

^ = onaO,\^.,7. (7-8) 

cp£ = in ar2enf^^£,77 

where ^s,-y is the set defined in (5.6). We now apply Theorem 3, that guarantees the 
existence of a sequence £; — t- and a constant c such that 

max{2,fc} 



kMm, <ce~i 



AeJ|0eJ|L2 + ||V%,V0,J|i2 + ||A??,,(/)eJ|L2 • (7-9) 



Observe now that, in the region where Vrye^ 7^ and A%j 7^ 0, the function 14^ can be 
uniformly bounded |V^(y)| < ce, with a positive constant c, fact that follows directly from 
(5.1) and (4.7). Furthermore, since we are assuming (7.7), we see that in the region we are 
considering, namely where Vt?^; / and At]^; ^ 0, the function (pi^^ satisfies the equation 

— Aijigj + £iaei{y)(pei = 0, for a certain smooth function a^j, which is uniformly positive 

_ 1' 
and bounded as ei — )■ 0. Elliptic estimates give that, in this region, \(pei\ ^ ce ""i , and 

|V(/)eJ < ce~^i for some 7' > and c > 0. Inserting this information in (7.9), it is easy 
to see that 

||<A.J|^i^ < cer'^'^^'-'^A.JIc^.JlHi (1 + o(l)) 

where o(l) — )• as e^ — )• 0. Taking into account (7.7) the above inequality gives a contra- 
diction with the fact that, for all e, the function (/>£ is not identically zero. This concludes 
the prove of the claim. 

8. Appendix: Proof of Lemma 3.2 

The proof is simply based on a Taylor expansion of the metric coefficients in terms of 
the geometric properties of di} and K, as in Lemma 3.1. Recall that the Laplace-Beltrami 
operator is given by 

A,, = ^=1= dA{ \/dit^ <?/'' Ob ) , 
Vdet ge 

where indices A and B run between 1 and n = N + k. We can write 

^M.,*. = ^/^^ dlj, + {dA <?/'') dB + 9a( log x/dit^ ) ge'''' Ob. 
Now, if V and W are defined as in (3.5), one has 

N+2 



N+2 



N+2 AT 

^^e' dlx.V = --d-aflediW + fledlW-d-afleijdlW-d-a^^dlW 
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and 

N 

+ N d-afXe difleijdjW + - {dalle ^5$^ + a^/i, da^^ } Sj W 

N — 2 

- -^^^ed^eW + fl'edl-,W - /X, d^eCj djW - ^, dl^^^ d,W 

+ d-afie difle O ^ ^^^ W + {Sa/i.SgcD' + ch.fleda^'] ^jdjiW + 5,$' 8-,^^ d]iW 
■ — -^ab 

where da = dy^ and da = dz^ and the indices J, L run between 1 and N while as before 
the indices j, I run between 1 and iV — 1. 

Using the above expansions of the metric coefficients, we easily see that 

JV+2 

^e ' ffe^^ d\sV = dlW + dl^W + /i2 dl-JV + 2 fXee^N H^j d^W 

+4/i,ee^ H,a [-^d-afie djW + f 9?,T^ - dafieCi d^^W - d-a^' dlW 

+Aaa + Bi{W). 

where 

-2,.2a2 



1 e ■' 



Now recall the expansion of \/det ge given by formula (3.9). This gives 
log Vd^t^ = eXnHH) - e^XJ^tr{H^) + ^RmuiXiXr, 

+ ^ ( Rmaal — ^a{^m)^t{^l) 1 ^l^m 

-2e^XNXiHabTl{E.i) + 0{eW), 
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Hence, differentiating with respect to Xi, Xjsi and y^ (and performing the change of 
variables z = - and f = — ^— and fw = -^^) one has 

dx, log Vdet^. = ^-Rmssj{^leU + ^"') + e' f iimaai " K{Em)K{Ej)\ (fieU + $'") 

- 2fx,e^^NHabrt{Ej) + 0{e^\{fie^ + <^)\^), 
and 

S^Jog^dit^ = e^le^N^-atr{H) + 0{e\^ie^ + ^)f). 
It then follows 

iV+2 

fis ' dA (log Vd^FffT) g'^^'dBV = efiMH)dNW 
+2/z,e2 (_^^^^ tr{H^) - 2(/i,e^ + <I'')^abr^(i?,)) d^W 

+fi,e^ (iRmssjif^eU + $™) + {Rmaaj " r^(^r„)r^(^,)} (/i.Cm + ^'")') 9, TV 



2^Je^ Civ HabTliE,) djW + A51 + B2{W), 



where 



A5i = -e'^fiUNdatr{H) 



N -2 



d-alJie W + lJie daW - {^-a^ieO djV + da^^ djW) 



B2iW) = O {e\fieC + ^f + eV.e7v(/U,e + ^) + eV'd) {sfiedjW + ei^edNW) 



+ O {e\fieC + ^? + eVeC^(M.e + ^) + eV'e: 



2,,2c2 \ 



iV 



d-afle dlW + l^s dlW - {^-a^Jie0^hW + da^^ df^W) 



Finally, using the properties of the curvature tensor {Ruij = and R, 



sinsj 



^mss'j j 



JV+2 



/ie^ dAig'^ndBV = di{g'^)djv + da{gndbv + da{g''')djv + dj{g''^)dav 



-lisRuijilJieii + ^')djW + A^2W + B:i{W) 



where we have set 



A52W = [^^A^ieij + ^']e^ + e^JieiN'Sl 



Nj 



X iM 



N -2 

-eDJW[^-a^ + ^le^-aW - e^-a^le{^^W + D^W [C]) 
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where ©jy and 1)^ are smooth functions on the variable z, and where 

N 



Collecting these formulas together and set 

k 

a=l 

and 

B{v) = Bi{v)+B2{v) + B3{v), (8.1) 

the result follows at once. 

9. Appendix: Proof of Theorem 2 
The main ingredient to prove theorem 2 is the following 

Lemma 9.1. We assume the same assum,ptions as in Theorem, 2 and we use the same 
notations. Then there exists eo > such that for all < e < Eq, we have 

E{—T^^MZo)Xe) = e-^Pe{5), (9.1) 

E{—T^^,^^{Z,)xe) = e-'^Qeid^), (9.2) 

Me 

E{—r^^,^^{Z)xs)=e-''Reie). (9.3) 

Proof of Lemma 9. 1 . Define 

F{u): = [ (l\Vxu\^ + l-eu''-^—uf+A^/d^t{^dzdX 

Jk.xC, V2 2 p+1 J 

+ / -Eij{ez,X)^iU^jU^/det{g^dzdX (9.4) 

+ - / daU daUy/det{g^) dz dX + / B{u,u)y^det{g^ dz dX. 

We refer to Lemma 5.1 for the definitions of the objects appearing in (9.4). 
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Step 1: Proof of (9.1). Given a small t 7^ 0, a Taylor expansion gives that 



-tZ)2F(r.„$,HXe 



fJ'£ 



-T^e,'S>ei^o)Xe 



(l + 0(t)) 



-2tE{—T^^,^^{Zo)xe){l + 0{t)). 



(9.5) 
(9.6) 
(9.7) 



On the other hand, we write for any ip 

[DF{T^^+u,^Sw)xe) - DF{T^^,^^{w)xe)] i^P) = a{t) - a(0) + b{t) + c{t) (9.8) 

where 

ait) = / (VxT^.+f^, #, iw)Xe) "^Xlp + £T^,,+tS, $, iw)Xei^ - {T^,,+tS, *, {w)Xef "0 



KeXCe 



Kt)= I da{Tij,^+tS,<S>A'^)Xe)da1p - da{Tii,,^,{w)Xe)dai' 

and 

C{t)= B{Tfi^+tS,<S>Aw)Xe,1p) - ^ B{r-^^^,^{w)Xe,tp)■ 

We now compute a(t) with ip = -^Tf_i^+tS,^A^o)Xe- Performing the change of variables 

^ = iP-e + i^)C + *^£) ^N = ( /^e + t^)CN in the integral a{t) and using (3.9) together with 
the definition of Xe in (5.21), we get 



a(t) 



[ —[VwVZo + e{fie + t6fwZo - wPZo]{1 + e(/i, + t5)CNHaa + e'O(lel')) 

J Ate 



+ - f —[-2e{iJ.s + t5)CNH,j + e^Om^)]^^w^jZQ 

J f^e 
X (l + 0(t))|'l + 0(e)+0(e7(A^-4)A 



(9.9) 



Thus we see immediately from (9.9) that 



t-i [ait) - a(0)] 



2e / 6^wZo - / e — [VwVZq + e h^wZq - wPZo]^NHa 



+ 2e — ^NHijdiwdjZQ 

'lie 



l + 0(t)) l + 0(e) + 0(e 



7{Ar-4)- 
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Integrating by parts in the ^ variables and using the fact that C^ — )■ M^ as e — )■ one can 
write 

52 



t-' [a{t) - a(0)] 



2e / S^wZ: 







/ 



e — [—Aw + e fi^w — w^jZq^nHo 



e2 /■ A2 

e — wZoHaa - 2e / — S,NHijdijwZo 



1 + 0(t)) 1 + 0(e) + O(e^(^-40 



Now using the fact that || — Aw + £ fJ-^w — w^\\e,N~2 < Ce we get 

r' Ht) - a(o)] 



+e^Qi6) (1 + 0(t)) ("l + 0(8) + 0(e^(^-4))') . 



Since A^ > 6, we can choose 7 = ! — cr, o">0so that 7(A^ — 4) > 2. Thanks to the 
definition of /Uq given in (4.15), we conclude that 



where 



a(t) - a(0) = te~ 



-B 



-Be [5^ + 0{e^)Q{5) (l + 0{t)) (l + 0{e)) 

JK 

( / wZo) < and Q{5) = [ K{y)6^ 



(9.10) 



for some smooth and uniformly bounded (as e — )■ 0) function k defined on K. 

Observe that 5^7^,$(ti)) = — ■^7^,(j>(Zo)(l + eRo{z,^)), where Rq is a smooth function 
of the variables (z,^), uniformly bounded in z and satisfying 

l«o(y,e)l<(^||Pziy 

for some positive constant C independent of £, and some generic function ^{y) defined 
on K, smooth and uniformly bounded as e — )■ 0. Hence, recalling the definition of the 
function b above, a Taylor expansion gives 

b{t) = -t f \d,(±r^^^^(Zo)xs)\\i + oit)). 



Observe now that 



da { — T^,,*,(^o)X£ 

Me 



= {d-a6) — rf,,,^^{Zo)Xe + 6d-a{ — rf,,,^^{Zo)Xe) 

= e{daS) Tf,,,<S,,{Zo)Xe + £S{da f^e)df,,{ — Tf,,,<i,,{Zo)Xe 



Since / ( -^7)i^,$^(.^o)Xe ) dX = A{1 + o(e)), we conclude that 



b(t) = -te- 



A,e' / 19,(5(1 + o(£2)/3f(y)))p 

K 



(9.11) 
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where A^ € M, liTa^^Q A^ = A = Jj^at Zq and /5f is an explicit smooth function in K^ which 

is uniformly bounded as e — t- 0. Finally we observe that the last term c(f) defined above 
is of lower order, and can be absorbed in the terms described in (9.10) and (9.11). 
The expansion (9.1) clearly holds from (9.5)-(9.8)-(9.10) and (9.11). 

Step 2: Proof of (9.2). To get the expansion in (9.2) we argue in the same spirit as 
before. Let d be the vector field along K defined by d{ez) = {d^{ez), . . . ,d^~^{ez)). For 
any t small and t 7^ 0, we have (see (9.4)) 



[DF{T^^^^^+td{w)xe) - DF{T^^,^^{w)Xe)] M 



tD^F{T^,^^^^iw)Xe) 






M(l + 0(t))(l + 0(e)) 



for any function ip G H^. In particular, choosing ip = — T^i^,^^{Zj)x£ we get (using the 
fact that JjgAT ZjZi = CqSji) that 



d^ 

[DF{T^^^^^+td{w)Xe) - DF{r^^^^^{w)Xe)] [ — r^.MZj)Xe] 

d^ 
2tE{—T,^MZ,)xe){l + 0{t)){l + 0(e)). 



(9.12) 



On the other hand, as in the previous step, we write 

d^ 
[DF{T^^^^^+Uw)Xe)-DF{r^^,^^{w)xe)][^r^,,'^AZj)Xe] = a2{t)-a2{0) + b2{t) + C2{t) 

(9.13) 
where we have set, for ip = -^T^^^<i^{Zj)xe, 



a2{t) = / (Vx7'^„$,+td(w^)xe) Vx^ + eTf,^,'S>,+td{w)Xeip - {T^,,,<^,+td{wXe)Y i^ 
+ / r.ij{ez,X)di {T^^^^^+td{w)Xe) djip, 

b2{t) = / da{Tfi^,q>,+td{w)Xe)da(Ti,^,<S>,+td{w)Xe)- / da{T^„.l,,iw)Xe)da(Tf,,,.^,{w)Xs 



and 



C2(t) = / S(7^^_^^+trf(ti)x£,^) - / B{Tfi„<i>,{w)Xe,^)- 

We now compute a2(t) with tp = ■^T^^^^^{Zj). Defining the tensor IZmi by 



Tlml = I Rmaal — ^'a{Fm)^'i{Ei) 
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performing the change of variables X = {fj,^ + tS)^ + $£, Xj\[ = {fJ^e + t6)£,N in the integral 
02 (t), using (3.9), (5.16) and recalling the definition of the cut-off function Xe, we get 



'MIv. 



VwVZj + e fJ-i^wZj — pw^Zj 



1 - e IJ-e^nHo 



+e\^ + '^)ief^eU + ^e,n + tdnisMl + ^el + td') + 0{e'\^f) 



dl 
fJ-e 



2e^NHir - -j^imlrifJ'eS.m + ^em + td"')iHeCl + ^el + td^) 



diWdrZj > X 



x(l + 0{t)] (l + 0{e) + 0(e^(^-3); 
Thus we immediately get (using the fact that 7(A^ — 3) > 1) 

t-^[a2it) - 02(0)] =e^l f —[VwVZj + efl^wZj - pw^Zj] 



6 2 

fJ's 3 



[{fleU + ^em)d' + {^leil + ^sl)d^]diWdrZj } (1 + 0(e))(l + 0{t)). 



Integration by parts in the ^ variables and using the fact that Cg 



as e — )• 0, we get 



t ^[a2(i)-a2(0)] = e^i / — [-Aw + e fieW - pw]Zj x 
x(- 



r-ttrnijl , I'^l'i 



2 



R 



n. 



C-^ + !^)d^[diwd^ + dmwd^]Zj + / d^[^d^ + tlini}Ld"^]ZiZ, X 



rRilrr 



Ri' 



6 2 

x(l + 0(e))(l + 0(t)). 

Now using the fact that || — Au) + e fi'^ui — wP\\e,N-2 < Ce^ and that Rurr = 0, we deduce 
that 

t-i[a2(i) - a2(0)] = e^l-C [ (^^^ + ^)dJd™ + C [ ^^I^d'^d^ \ x 

I JKe 3 2 y^ 3 



[l + o{e))[l + 0{t)) 



(9.14) 



£-^^2 



-C 



7^ 



"'J ^.7 ^m 



d^d"* + 0(e)Q(d) 



:i + 0(t)) 



where here we have set 



C 



Zl and Q{d) := / Tr{y)d'd^ 

Jk 
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for some smooth and uniformly bounded (as e — )• 0) function '7r(y). To estimate the term 
62 above we argue as in (9.11), we get that 



t-'b2{t) 



e^a 



e , ,9,(d^a + /5f(yMe')))P 

K 



(l + 0(t)). 



(9.15) 



Finally we observe that the last term C2(i) is of lower order, and can be absorbed in the 
terms described in (9.14) and (9.15). We get the expansion (9.2) from (9.12)-(9.13)-(9.14) 
and (9.15). 

Step 3: Proof of (9.3). To get the expansion in (9.3), we compute 

''-T^,,MZ))=I + II + III (9.16) 



Ei 



IJ-e 



where 

I : 



II 

and 
III 



= [ B(— r^„$,(^),— r^„$,(z))Vdet(5^)dzdx 



Using the change of variables X = fi^S, + '^e, X]\f = fie^N in I-, we can write 



1=1'-^ 



\vz\ 



pw 



P-'Z^ + efi^,Z^ 



l + eO(e-l«l) 



Then, recalling the definition of Aq in (5.20), we get 



I = e' 



2 



K 



eQ{e) 



(9.17) 



where we have set 



D= [ Z'^iOd^ and Q(e) := / - 

Jr^ Jk 



T{y)e^dy, 



for some smooth and uniformly bounded, as e — )• 0, function r. On the other hand, using 
a direct computation and arguing as in (9.11), we get 



// 



D, 



\dae + e 



-Xoe 



Ke 



'f3l{ez)e\ 



D 



'e' 



K 



\da{e{l + e-^'^-'Pl{y)))\^ 



(9.18) 



where /Sf is an explicit smooth function on K, which is uniformly bounded as e — )■ 0, while 
A' is a positive real number. Finally we observe that the last term III is of lower order, 
and can be absorbed in the terms described in (9.17) and (9.18). This concludes the proof 
of (9.3). D 
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We have now the elements to prove Theorem 2. 

Proof of Theorem 2. Given the result in Lemma 9.1, we can write 

S ^~^ d 



f^e ^ f^e 



e 






Thus it is clear that the term M recollects all the mixed terms in the expansion of E {(/)). 
Indeed, if we define 

m{f,g) = [ {VxfVx9 + efg-pVr'f9)Vd^t{^dzdX 

JKeXCe 

+ / Eij {ez, X) difdjQ ^/det{g^ dz dX 

JK^xCe 

+ / dafdagy^det{g^)dzdX+ [ B{f,g)^det{g^)dzdX 

JK^xCs JK^xCe 

for / and g in H^, then 

+ m{(l)-^,—Tf,,,<s,,{Z)xe) + ^m{—T^,,<i,,{Zo)xe,—Ti,^,^S^M'^) 

+ Y.mi^Tp,,^^{Z,)xe,^T,,,^AZi)Xe) (9.19) 

S _ e 

+ m( — r^^4^(Zo)x£, — Tf,,,^,{Z)xe) 

+ ^m{ T^,^,q,^{Zj)Xe, — T^,^,^^{Z)Xe)- 

One can see clearly that Ai is homogeneous of degree 2 and that its first derivatives with 
respect to its variables is a linear operator in {(j) , 6, d, e). We will then show the validity 
of estimate (5.32). In a very similar way one shows the validity of (5.31). To prove (5.32), 
we should treat each one of the above terms. Since the computations are very similar, we 
will limit ourselves to treat the term 

5 _ d^ 

m := m{ — 77j,,$,(Zo)x£, — Tf,^.^^{Zj)xe)- 

/^£ ^^£ 

This term can be written as 

5 

m = ^ jni (9.20) 
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where 

mi = / {VxfVxg - pVr^fg) 7dit(^dz dX 

1712= efg^Jdet{g'')dzdX, m^ = j 'Eij{ez,X)difdjg ^/d^J^dzdX 

■mi= j daf dag \/det(fi(=) dz dX and 771,5= / B{f,g)^/det{g^dzdX 

with / = —Tn^^^^{Z())xe and g = —T^^^^^{Zj)xe- Using the fact that the function Z| 



solves 

AZq + pWq~ ^ Zq = in 

with Jjgiv O^^ZqZj = and integrating by parts in the X variable (recalling the expansion 
of ^/detg^), one gets 



7771 



f^-^[-AT^^,^^{Zo)-pvr'r,^MZo)]xlr>.,MZj)V^^ 

+ [%d^Ar,.MZo)Xe)T,^MZj) — ietr{H) +0(8')) Xe] (1 + 0(1)) 
where o(l)— )-Oase— )-0. Thus, a Holder inequality yields 

On the other hand, using the orthogonality condition J^n ZqZj = 0, we get 

\m2\ < Cee-\ / Z^Z,)\\5\\c2i^K)\W\\c^iK) < Ce-''e'+"'^''-^'>\\6\\c2^K)\\d'\\c^iKy 

Now, since J^n ^NdiZodiZj = 0, for any i,j,l = l,...,N — l, one gets 

Imsl < Cee-M/ ^NdiZodiZA \\6\y(^K)\W\\cHK) 



'\^\>e- 

A direct computation on the term 7774 gives 



|m4| < Ce-''\e\l ZoZj)\\da5\\c2rK)\\dad'\\cHK) 

+ e( ZoZj){\\6\\c2(K)\\dad^\\c\K) + \\daS\\c2(^K)\\dmc\K)) 

J\£\>e~'y 



+ (f ZoZ,)\\5\\c2^K)\\d'\\c^K)\ 
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Since |77i5| < C^- -^ \mj\ we conclude that 



I ,<^^-.^7(7V-3)n|.|2 „.,„2 



Each one of the terms appearing in (9.19) can be estimated to finally get the validity of 
(5.32). This conclude the proof of Theorem 2. 

D 



[6; 

[7: 
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